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1. (20 points) Examine the propositions below and determine whether they are true or false. You do not need

to provide an explanation, just mark your choice. (Each is 4 points)

True — ‘u’f The set of positive real numbers, with the usual operations of addition and scalar

multiplication, forms a vector space.
@ False /'  Five vectors in P3(R) must be linearly dependent.
@ False \_/ I A change-of-basis matrix is always invertible.
@ False "\f An n x n matrix A for which nullspace(A) = colspace( A} cannot be invertible.

/
— False \/ If T : P3(R) = Msy3(R) is a linear transformation and Ran(T) is four-dimensional,
then T is one-to-one but not onto.

U + dlwlkex[ﬂ\ =4
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2. Prove the following statements

{a) (10 points) Let T : V. — 1V be a linear transformation, and assume that V and W are both finite

dimensional. If T is onto, then

"0 dim{V) > dim(W).
T T is onto, then for ench WEW there s a VEV such
Hot Tw=w. In other words, dim(Ran(T) = dim (L)) and
RonlT) = LY.

%\j GRN, dimler \T)) + dim (Rom(T)) = dimlV)
dimKer(T) +dim{L) = dim(V)
dm[kerlﬂ)?_ 0 so,

diml ) & dim(v)//

(b) (10 points) Let T: V — W be a linear transformation. Then

~
@ Ker(T)={veV|T(v) =0}

is a subspace of W \[

Led v, u € KeelT) ond C be a Scalar.

Tw+u) = TV +T(W=0+0=0
SovEn € Ker(’n / /
Tlew) = ¢ Ty =¢lo) =0

v Eler(T)
o ](E/“') s & subspace of V.
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3. Cousider the following set of polynomials

Sy = {o- x? 2w — 2% -1+ 20— 7,2}
Sy = {34+a+2°1-2%
S; = {1,2z,2 +5z% 1 +2 + 2%}

(a) (5 points) Which one can be a basis for P(R)?

S, twm be a basis. |

9 v

(b) (10 points) For your guess in part (a), use Wronskian method to show the set is linearly independent.
[ -xt 2x-w? -1+ 2 -t
Ou[x-w,zwx': e2x-xt)() = det [ | 1-2% 2= 2w

9, | -2 -2 -2 |
) [0 1 o\0 |
Wa-o% 2% -l () = deHl T o o} -1 0
/ L_-Z -2 -2 -1 -1
-2 #0 .S s linearly independent.
(¢) (5 points) Why does part (b) finish to prove that your guess is indeed a basis? Explain.
Swce dimtpz(m)‘:& Ctmj Set of K I]nea(13 '\ndef?end&nf
5 vechors 1a DU is o basis. Since S, has 3 vechors
and H/wj are Wnearly \ndependent, Siis & basis for B(R).
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4. Consider the linear transformation 7' : R? — R? defined by
T{a,b) = (a + b.a — b, 2a + 5b).
(a) (7 points) Find the matrix representation of T

TA:0,1D) 2Ty =AL vhere Az| _
o,1) = {1,-1,5) ) 5

(b) (8 points) Find Ker(T) and Ran(T).

L A0 le"a
i -1 Anl-dlp -2l M

||

0|
25| 770 3) 7o ——»-:_ @
KeelT) = Wu”swxcc(/‘f) = {53 \/
Ra\n“) CO)S@QLQ(A):&P i( 2)!“{__);5)2

(c) (5 points) Determine whether T is one-to-one and/or onto?
Tis one-to-one because Vec(T ga‘g Tis /s ot
because Runll) # [R3.
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1 01
. Let A= |1 2 1|.
3 43

{(a) (4 poiuts} Define rowspace(A) and colspace(A).

rOLJSPOKCB(A) 1S -“n.e Span O'F ,H/‘_e COLYS 01£ A
Colspoce(P) 1< the span of the columns of A.

v

(b} (6 points) Reduce A into the reduced row-echelon form.

[0 ANt o ]Aul'z) 0 |

L2 A.bl-b)o 2 0 )

5 4 ol = (o d oMdD) (o 4 o]
@

(e} {10 points) Find the bases for rowspace(A) and colspace{ A).

gl1,0,0,L0.L,0 is & basis for vowpnce(A). /

%“/]13)/(01,2-/",)3 1S & loasig 4£r)f COJS(ﬂCB(A’)- @




[

March 25 Math 225 Midterm 2 Page 6 of 6

YOU MUST SUBMIT THIS PAGE.

If you would like work on this page scored. then clearly indicate to which question the work belongs and indicate

on the page containing the original question that there is work on this page to score.




