Homework 2 Solutions

3 7 10
1. @ A= |2 3 —1| Apply Pi3, A12(—2), A13(=3), Ma(—1), Ags(—1), and M;(3).
1 2 1
1 21
Then row-echelon form of Ais |0 1 3|, sorank(A)= 3.
001
1 -1 -1 2
3 =2 0 7
(b) A= 9 _1 9 4 ApplyA12(—3),A13(—2),A14(—4),A32(—1),A34(—2),P23/
4 -2 3 8
1 -1 -1 2
.10 1 4 0
Asy(—1), M3(—1), My(—1). Then row-echelon form of A is 00 1 -1l
0 0 0 1

so rank(A) = 4.

2. Consider the augmented matrix of the system:

1 -1 0 —1 | 2
2 1 3 7 | 2|.
4

3 -2 1 0 |

Since rank(A) = 2 < 3 = rank(A%), there is no solution for the system.

3. (a) Consider the augmented matrix of the system

1 0 3 |0
3 -1 7 |0
2 1 8 |0
1 1 5 |0
~1 1 -1 10

APPIY A12(—3), A13(—2), A14(—1), A15(1)/ A23(1), A24(1), A25(1), M2(—1), then
we get
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Since rank(A) = rank(A#) = 2 < 3, there are infinitely many solutions. Take z
as a free variable s. Then, the solution is given by the set {(—3s, —2s, s)}.

(b) Consider the augmented matrix of the system
2447 ¢ 3-2i | 0
i 1—4d 4430 | 0
3—i 1+4+¢ 145 | 0

Apply Alg(—@), Ags(— (2*i)5)(3*i)), My(55), Mao(25), Ms(15;), then we get

pEe;
i 3—23

! 2 1324Jf1i1‘ 0
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00 1 |o0

Since rank(A) = rank(A#) = 3, there is a unique solution, namely, the trivial
solution (0,0, 0).

4. Consider the augmented matrix of the system

E1o1 |1
1 k1|1
11 k|1
Apply Pia, A1a(—k), A13(—1), Paz, Asz(—(1 + k)), then we get

1k 1 1
01—k k—1 0
0 0 (A1-Kk2+k | 1—-k
111 |1
(Case1)Ifk = 1,thenwehave {0 0 0 | Of.Sincerank(A) = rank(A#)=1<3,
00010
there are infinitely many solutions.
1 -2 1 |1
(Case 2) If k = —2, then we have |0 3 —3 | 0f. Since rank(A) = 2 < 3 =
00 0 |3
rank(A%), there is no solution for the system.
1k 1 ] 1
(Case3)Ifk # 1, -2, we canalso apply Ma(12;) and Ms (=55 ), and get 8 é —11 I (1) :

24k
Since rank(A) = rank(A#*) = 3, there is a unique solution.

5. Consider the augmented matrix of the system

1 2 -1 |3
2 -3 a | b
1 4 -2 5

2



Apply Alg(—Q), Alg(l), P23, MQ(%), A23<7), then we get

12 -1 | 3
01 -+ | & .
00 a—23 1] b4+2%2
12 -1 | 3
(Case 1) Suppose a # 3. Then we can apply Ms(—5)and get |0 1 -5 | ) 5
’ 00 1 | (=)0

Since rank(A) = rank(A#*) = 3, whatever b is, there is a unique solution.

12 -1 |

3
(Case2)Supposea = 2. If b= —22 thenwehave [0 1 —1 | £|.Sincerank(A)
0

00 0 |
rank(A#) = 2 < 3, there are infinitely many solutions.

12 -1 |
(Case 3) Supposea = 3 butb # —2 thenwehave |0 1 —1 | 2

00 0 | b+2+#0
rank(A) = 2 < 3 = rank(A%), there is no solution for the system.
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