Homework 3 Solutions
1. (a) First, we need to find the inverse of B g} . We apply Gauss-Jordan technique,
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Apply A15(—2), My(—1), and As(—3), and get
10| -5 3
01| 2 -1/

3 } , and the solution is

namely, reduce

Thus, the inverse is l
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(b) First, we need to find the inverseof |0 1 1 |. We apply Gauss-Jordan tech-
2 4 =3

nique, namely, reduce

2 2 -1
(7 5 -3
Thus, the inverseis |—2 —1 1 |, and the solution is
2 2 -1




Apply Azr(—a) and Ay (—a), and get
100 ] 1 —a a
010]0 1 -a
001]0 0 1
1 —a @
Thus, the inverseis |0 1 —al.
0 0 1

3. (a) Itis enough to observe that
(ABO)(C'B'A™Y = (AB)I,(B'A™") = (AB)(B'A™) = A[LA ™' = AA™' = [,

(b) Since A is invertible, A~! exists. So multiply the given equality with A~! from
the left, and we get

B=1,B=A"1YAB)=A"1AC)=1,C=C.

(c) Since A is invertible, A~ exists. So multiply the given equality with A~! from
the right, and we get

B=BI, = (BA)A™' = (CA)A™' = CI, = C.
(d) Take I,, + A+ A% 4+ A% + ... + AF~1 as the inverse. We get
(I, = AL, + A+ A2+ A3+ + A" = PrLA+LA?+T,A+ . I,AF!

—AI, — A2 — A3 — .. — AF
= [, +A+ A%+ A3+ . 4 A
—A— A2 A3 — = AR
= I,— A"

— I,

4. (a) Since A is idempotent, we get A = A. Then
(L= ALy~ A) =1 —LLA— AL+ A =1, —A— A+ A=1, — A.

Since we get (I, — A)? = I,, — A, we conclude that /,, — A is idempotent.
(b) Since A is idempotent, we get A2 = A. Then

(2A —1,)(2A — I,,) = 4A* — 2AI, — [,2A+ 1, =4A —2A —2A + I, = I,.
Thus, 2A — I, is invertible, and its inverse is again 24 — I,,.

5. Since A and B are invertible, by IMT, there are elementary matrices E, ..., E,, and
Fy, ..., Fysuchthat A=F;,...E,, and B = F; ... F}. Then we obtain

AB=F,...E,F,...F}.

Since AB is written as a product of elementary matrices, we have (by IMT) AB is
invertible.



