‘Fqn Lh’on.s

f
De_F{m'{r(on A Funceion F is o rule that Ma Qs each
element n a set D to exactl

—

y one e’tmenf/ called
F(‘), n a sef £,

e

j a St¥, we mean a Co“ec(—(on
[

oF some entitles,
Some Famous ones

are

IN —naturd  aum bers
Z - /'m‘ifcr;

® - rations) numbers

R - real numbers

4 W\ r'e - ~
®x ED means X & an element oF the set O,

d We can  denote  the Fuacelon  as
'

F; D—FE
x> F(x)

..H(’PC( I(exacflcj onc“ fs -the kej Par-&.In o Funu-«'.;n,

an element in D cannot go to two distiact elements.

~\ 114

'. We call D “domarn™ , E ”ravc , R fnpuf\\ Iq/\é F(x)

n A}

Remark  We can efther write an  explicit formula or
——————————

sketch 1o fraph when
ExamE(e_ Fx)=x*

we define o FunCéion.

has smp h



e Note that We can use diFFerent Var«'ables/ name,:jl

F(")lf(f), H(a)/€+c. we Can cha/:fe the leect rs For
Cuacsions or {npufs,

For F(‘)z‘”e 504 I‘F s a Faacefon ofF x
Remarlk We can +est+  whether Jo{ven MoP‘of/:f 5 a

Fun tfon of no+  via 145 fraph

W)
; \ /1 ! {
/r-\l\/ F&) g ‘
e /Tl\_/—\ This (s o Fanction since
|
’ -{ (‘i' —>, each x  has CXacf’lj one
outpaf
,‘\3
This & NOT a Functivg
ﬁ I _Flx)
! since. o has two ourputs,
|
\
G >><
(
Domo.:/) aF o FM-IIC('('O/! :rn some cases , & Funtaron

may ve wadefined o+ Some po«'n(-s. For exam,o/e/ F(sr):j;_
s not defined ar x=@, W write f#s domoin  as

R\ $0Y or  (-2,0) L (O, )



Exam le Flx)-
/D xt-9

Recoll thot x¥-9-k-3) (x+3),s0 we have

Flx)= o
(x-31(x+3)

The denominacor cannot e 1ero, 50 X-3¢0 or

xt3+0, The domain can be writen as
R\§-3,433 or (-3IV(3,DU(3,20) ,

Pfecevv?.se ACF.’/\-@A F«m(h’an;

Ecample
F=% 1-x  F x5

< = ‘F x -1
n

q——
-

S




iw'(_ A\Oso(uéc Ve.lu.( p«anc-h'on l',-s an exam‘o(.c

oF plecewise deflnition :

X F %20
I}(I.’:

,’Ele“ or odd Fuacttions
Oebinitions A Function F.D—=E 5 colled even F
El-x)= Flx) For all x€ D,
it 5 called odd [F
Flx)--Fx) For all xeD,

) A Fuaaceion con be neither of ¢hem,
'
.0 Even Fuaceivns  ore symm etric  with respett to Y ~axis,

ard odd  funckivons art 53mm—e+f7<_ about f‘\( of‘f:jw'n,
) )
L - 3 -
X~ is even x* s »dd

Ny ’[, E—




EXomElc Oﬁcrm{n,(, W Fle)- %345« % evea or odd.

Solutron Le¢ < be_ ar‘bf*forj )
Fl-x)= (-x)3+5(-x)
z -5(3 —Sx

= - (x345Sx) = -F(x),

So F s on odd pn(l(,-h'o/).

InCPeas.n& o./\cj. Oecmasm? thf! Ctions
w/\ A Fuace'sn F.- T— U (s ca lled

{ncrro.s.‘r:f on I [F

F(X,') < (:(Y’L) when cver X1 Cxe 1n I/

decrtas .'r:j) on .L |IF

—

Fle) > Flx) w/»em_./cr* <4 Cxy in L.

4\

Fncreas: _f oec_rCus.':\,f




@ po!ﬁ nomials

A Ful\(_-hrpn p(ﬂ) Itf ca,“Cé paldnarm’a| ]F

n-1
P(:()-_qﬂx"-(-an_«f t--- tax+Q,

where Qp Qqi--,%9, o Aem betrs, These orc called
C_Oﬁf-ﬂff_"ﬂ*s . The h"g“ew power s called ¢he depree.
IF =1, ) s called lrear Fuaction,
n=72, Ple) s called cluaérah'c_ Fu(l(.ffo/l/
n= 5/ Plx) & called qu bie Fuactlon,
"TAL domoin  of ary ppld nomfad 5 )K, that .'5,
P"‘j""”‘ ‘als are e Flned everjm/hcm,

-

Example Ix+5 , xTtlk ,x34 3,48 , x4?+;<3+5—>;

ete.
[N
@ ()OWCF Fun(,h'ons F‘(x)—;x M/hC/‘Q a |'> ¢coNsStant.
Case 4 atn  wheee n s a ,oo.;»’r-'rc l'/H-(Cfc/‘.
——

Then +he domain 5 R, TF A & an evenfodd

nuM‘O(,f/ +hen x“ iy &N éven /on Cun(/h'on,,



Ca5g_ 7 0\:_4,. where. N s Po;f;—.’u/e f/\-(-tj-cr-,
Nn

/

1
Thea  F)exP 0% 5 codled  root  Function
For evean number N p the domuin s [(9,&)'
For odd Aumber n, the domain {5 IR,

T Fl<)z /< %) F(x)= 2

R
—

Co.)ﬁ_ 3 a:"1 ,nomel ' ﬁ({); j—-— p Tl’\lrb 'S
X

——

defined on MRN§03.

@ Ka-(":'onoA Fun.(,(""o,,i F(x) - p(x) M/AZ/'( P’ Q

———

QR (x)

are. po{jnamn'o\s.
Whose domain s +he ser of elements x sach +hat

QR F O,



Examel(_ F()() = ﬁi ('5 a Cat z'.)no\ Fufl (Hon,
Fx-

Te &5 &Fned F -4 £O 50 qu-i?,, The
domatn 15 IR\ 2%.3 ,

@A{?ebmzc FuAC(’er’IS

An alpeboraic  Panction F s obtained via aletbric
S S

oloerah’on.s on ‘ooljnovm'o‘.s “L(’_ +/—/*, %Ia.«d
—to,\df:f roots, The domain can be Fourd via o.nal'jsb
on ;-('5 ‘Dal‘-(',
x-S
o For x4 , we need xt120 ,s50 x2-1,
LFor A , we need x-S0  so x#5.
x-5

oThIB means that (’"{, (.lowm‘?n 1'5 E~1,0°)\%55.

EXponc/l-h'a‘ Fv{ncffo'\) F(K): bx where b s a

positive real namber.

Ru.lcs
RIS LTl (1978, () ca S b



RKemark o TE  0Co<A they £ 1y Jcc_rcasfnj,

. 1F bz=1,  thea  Flx1:=1 every~ here
o« LFE b)’({ then

F 5 fncmasfnf.
HMFC " a S(Jec:o.‘ namlber "e“ I'ke "7T‘(p:) which
has value =~ 2.7182¢, The Funition F(x)zex S called
Naturol

exponential and it has a special importaace

(later) .

@ Lo acithmic Func-n’ons
pactthmic = @rITI

F(")'-'-Iojbx where b 75 a loo.)!"h'fﬁ number and

lled the base . To be duc.’ne,d, we must have

x>0, 19
;7
Rulb'.
0),?5)!’1 =0 . lofb (x7) = ¢ \oybx
tlogy bry)<logy xebgyy 4 leg,x < lax
oJopy () = logn= gy ((hanpe oF bast

Formule )



Whea nze  we Wri 4 Lyexzhnx and  call
W Notaral \?f;ar(-thm.

f\fomelt }Ofs (x-5) 15 defined for x-S SO, So the

domain is (5, 09),

J.m/er.sc Funceions
If FD—E & a 'cunc*«'an,under' Some conditions,

we con reverse the mﬂpp‘ﬂj,’ namely, there. s a

355—’9 0 sach Ahat
F(x):z Y

Example.

Foand f are. inversts oF each other,

WC I\M_c[ {’;\L FD“DW"./\‘J? (,o/LJI'h'OA.
Oeﬁfﬂ(dag A Fun(,h'on F' D—E is called ont-to-one
F i never takes on +4he same value twiee

Flxy) # Flxy) wheaever X4 Xy,



Kemork To hove an invese Fumch'pﬂ/nm ako need

that

bu+

counrse .,

we assume  all

no+ onl ~fo -0

r
Stnce X1, %y, & hove
Same ou.(-‘ou-é

Example o F. IR — LI, o)

X Kt
o F:1 IR — 2

X +53x+3
We  want fo

X This s ec‘u'\»/alln* to Sexy

than

show

F mu s+ be onto (no m?.;;.'(\)v awf,o.M- n f‘anfc)/

Functions art onfo In  his

/F‘j

/

4 —
/S

oNné-+to-one

r
S 1N

€oc h oufpln

a.,o()Eo-fs

once

r

5 no+ one -to -one  since

F-1)z1=F01)

.S"Dw.'
F()q ) t ("(x.,_) wheneve r
l‘F F(K1 ):F(‘Kl)/

s one -to-one, Letss



Sl‘ppox F(N )~ b(x) , nomr_[j/ we  have
3%4 +/§ = 3%, +/
Joxy <P
K1 =Ko -

SD we Gre CIDMI

De (.'m’h'on lee F:A—>R be one-+o-one. Thea fts

inverse ,&noﬂd b}) \C‘; s a Fuaction \cf‘om B e A
defined by

4 _ . )

F (3)*7< (._> F(X)_,v
for any 4 €D,
056_ careFul | FM and d . ae diFferent +h,'nJoS.
) c

4

Remarks o+ F (F(x)):x For every X EA,

. F(F'{‘ﬁ));b For EVerj 366,

Efamek, o Flx)=x3 s one-to-one. 5fnce (F x,,sr.z(-l5
thea  xzx,, So (+ hos an javerse aad J»’Vcn 53
F'd(x):x%,

. b” ond 'DJ’bX ore.  (averses of each
other, Th othe w.;n!sl i Ffx)=bp" ,+hea

FA(}()-; ‘ojbx J and vice verses.



How 40 Find  the Saverse For f'r"(" F? Cer§
prhﬂn Via an  example
Les  ¥:[0,00) — [5,00)
% P x*4S
S(ftp @ Wrf e j:F(K)
Tn our case ,we have 3:)(115,
Seep © Solve X N teems oF Y
LA our case , we have
Y -5 =xt
Scp D To express F7, (e cchanpe X and 4,
Ta our case, we \nm/e_
€Mx) Vx5,
Also € has domain L[5
ranpe [(7/9°>-

Example  Find <he invense of  F: ,52\2"_%3"9”'(

x - 4
2%x+S

Sep B Let 3,_,_
2x+3%



SKP @ F'(x)=1-5« ,
2x




Im?f{ne gou art 5¢und¢r/f on ont side of a room
and  there 5 o wall on the opposite  side. our f«?a‘

5 10 walk towards ¢he wall, but thtre s a ca+ch :
each st gou take must be half the dOtance of
the previous step. So, (F the room 18 A6 Feet leap,
your First step  would be 7 Feet, the next sttp would
be 4 Fett, thea L Feet ,and 5o on.

As you continue wa/k,'(:f,eac/) steps  pets smalle~ and
smaller . Even t’hoaj"’ you keeo mow'/:f’ clbser and closer
v the wall, you never quiw reach ¢ because thert s
alw:;as some.  distance lefe 4o ver ,no mateer how
small. You can fcf as cloye to +the wall as you /:'lc,

%u& Uau. Wl'“ never O-Cfuallj +ou~o‘1 |"(‘.

| ‘. s 6.

|
|\_/&/\____/
4. s¢¢p 2.5¢ep Lsup
Now: think of th wall as a .;Pe,ch-'(_ value jdu ore
‘trﬂhf to  reach , which we 'l call ‘L', Your steps
Rpresent e values ofF a Fuaceisan p F[K)( and your
distonce From +he wall represents  how cloje <these

values por o (A



Th[s 1'6 JI'MI,/or‘ €o what hoppcns wl’fh lim/its. Wﬁ!n
we ‘s“:j e limit  oF a Functlon g5 X appcroac hes

a (ertain peint & L, we wmeoa that b{j m“kcrf:f x
C(O}C e/\.OuJ?l" +o that pafni-/ the value of the Fun th'on
con be made as clase to L'as we wanse, even -H\mfh

+ may never attually reach 'L Tust  lke gou can ges
inclm'%elj cose 4w the woll bue never touch v, the
without

Cunceion  can Je .'nF.'n.'+el3 close +o 'L

r\e,cess‘-,m‘lj beinp equol <o ‘L,

D (,F«(m'-('{onb

~

@ Su(apoa(, F(K) s (42,("7/\-6& near the value 'o/
value of Flx)

and 05 «x Pefs c’o,;c_(‘ to a the

fus c_[o.scr‘ o L . Then we w(:’t—f_

lim Fx) =L
X —>a

O-Aé 50.5
,,{’\L limit ofF F(K) ; oy X J)ae.s w o a equo{s L“,

/
W Fixlox™

Whea  x pets cloyer

—F &

to L/ €lx) Jaefs

> closer 0 (.

—

/\{m xt=L.

=1L




F(K): X+

lim (x41) = &

X3

@ A Mﬁ kmit  refers 1o the value a  Fuactivn
/N
approaches as the lrﬂP“‘(' X Qpproaches «a .sf)ec:f:fc
/z
point o From onlj one side —either From +he et
or ¢he f'r:rhf,
] /1 . ’
lim Flx) = L eh. limF oF Flx) a5 X pocs
xX=>G" 4 R

o a From <¢he /eFt,f,s L

u

]fm F(x) = L the imie  of f[x)/ as « J;.:c.s
x-2af
€ a From eh  ripght ;5 L°
[V
exam | 2\ Fta
3 X1
g1 -
e S lim  Fl1 =2
/ 15 / %x-34%




2xt4 F %<0

Fxamel -
}w F(x)_f L € x20

N

';'m F(X)t/\
x=0"
/>'\
l R lim €)eO
O g x0*

() Ae ibsin_let e wher 1k vikes ot

f(x) /'ﬂCrCase or ob_,c.f‘ea.se Vv,'.(h.)uf bousrd a5 x

pets char *0 o speciFic PD,';H— Q.

l\rgl F(x) -0 means Lh_ Value 0F Fl) can be made

¢
N‘b"”‘““"j |°ye bj (-a.lcl'v:r x cloye

CAO.:.})’\ to a,.

“M F(?‘) - Meany  Lhe valwe oF Flx) can be.
xX—3a
made arb\'rrq,-flb Small bf) caking

X c[o;Q en0uJ;,\ +to a-



/\}\7_/

~V

Fl)

\(rm F(x) =-0°
XU

Kuvw.r‘ l’\ WL

/:,,F:'n Ve
Example
/

Cc

Jimni+s,

also

=

talk  oabour one -sided
NETSIoeC
; Fl= 2%
’ *-3%
X l{m Flx) = o0
| 23
[ N
S 4 €y Fl) ==29




[

Dernivion The verticod [ne Xza & called

& Vertical osymptote  of the curve y=Flx) F at
\%4

leas one. ofF the Fo”ow:'nj s €rac:

l(m F (<0 lim F(xl— oo Iy €l = o
xya x—=0" x—a”
lim F)z-00 lim Fle)z-o0 lim  Flx) = -

Xa x=yat x=a”

Ta  closs exercise
/

Find  th fo “aw.’.:\f

limt¢s of the Functivn f(x) 122

N oclow.
i
‘ 1
:l |
‘ i
.' 1 [ .
’5: -2 ‘(L(. 7
! l
: (
‘ |
' (
l
lim g(1=7 lim g0=?  Jim gls1=7  Nm gle)=?
X35 ' X 190" x>0
lim 3l1=7 Yim  gi¥)21

24 %91



Llrm It /,a ws

Su‘opoét, that the limits

”m fo) and HM J(x) exists (k)uf‘ not
o Xxda 1 o7

N Flx) +o(x)) = )i FG) € 11 (x)
/]X';V‘L( ° )"xga P

L im (F&) "ylﬁ)):“m Fx) - |tm J(,,)

XJa X3a 2a

3. For a constant ¢ [fm cFlx) = c ( i )
’ Xda X-det

' llr FM, (x) < ”m Flx) . Iim (x)
* x—,-;)a J X-a Y"‘*‘T

{ _ lim Flx) .
g, L_g,q F((:Z - |le x whea tga\?{x) F 0.
f hm J’(")

X9a

E Xo.ME l{.




W have
\:m Fix) +55(r7: im F(x) + S 1im y(x)

L]
¥ =

XL X9-1

-1 4+ 5(-1) =-4

o Iim ﬂ(x)y(x) is undefined gince Vim j(x) does

X1 , X1
Not exist.,

v ):/h &)‘}_ % unde Fined sinée ’l(‘rgz‘rl,‘):(?l

n
é), )fM F(x) n - ( | F(Y)) For all ,ﬂoufﬂ"’c
X2« ¥-a II/HCJ)Q(' n.

?l ll'M Cc T C
x—3a

g, IF FC{) 15 a polJnoM«ru\ or o rational

Function ard a5 in the domauin of Fz then

/ﬁ;ﬁa) , ]
X2




Examrﬂt lim ,751/’&- , This B a rativm |
x4 x-1
/ K Fu\n ceon 6;,1-(' C},’NL,[-
Su b,s hr{'u-r:'.?n ‘f(‘/u __0_

. o
S0 wt F/rﬁ 5{,.4’0/,'6

ehe uri  ((F posible).

lim xt=A = lim GT0et) _lim x4tz 2
X914 x-4 XM (=% X4

Erpmples  Nim  Zxe5 - 20045  _ 5

Lrt2? - 2 - =
/ X0 xMadx4F ) L4307 7

T;Ieoreml lfm F(x):l__ |(F ouvé oAL) 1(

X=a
:/V) F{Y):L‘:HM (;()()
x—;a" Y—=>au~

Examples Show that lim M does not exist-
/ x20 X

We  hove Vi )

X0~ x ¥=0"

$ince [im Q‘.x’ + lim [xl , the limie dbes noc ex3t.



Theorem TF F(x)éj() whea x 15 near o

and ’\fs)a‘c(ﬂ ‘\M J;(x) exit , we have

/I:'V? ﬁ()( 4’:/‘4 J)(x)

X2 XJa

.Sciucczf-
Theocem s F(ﬂ&j{ﬂ&h(x) nar o and

[im F&Y = Lz lim hix)
Xu *Ja /

then li'm 3(%): L.

o

[ L4 (
Recadl <he {'/Ly Funceions ke $in, (o5, kan cot efe

!We‘ll sha.  a  note about ¢hem Ilolecuc. ead .

Frongio Pk gy *lind).
({C(a“ -'[ S Sl(" (—x’-) < A F.)/— o'“ X #0 Mu[f:’pljl'nj
each side with KL( we ¢
iy S
=& xtsia [T) X"

Sace 'y ~x*=O0 = Wm x* 19 5uec7-c Theorem
g 1

X0 VerlV /’\‘m Flx)< O,
X-0




‘ér)nf{na{'fj
KCQ,/“ (hdf ,I/ ,9[)() s Q Foé nom/:x(,

1t e per Itvy  plx)=pla). M erod
dP o f P dny essen
Fun ks have the Same pPropecty ,an d we

, " AN
coa such Fua ctions Conernuous
e e r
W A’ Faac-('fon F l’) (_o/\(';mou..) at (=] IF
”M F(X): F(a).
X

Keyfk The deFraiton auuo/llj Says more  than
{'{— aﬂpeaf‘j, {J So.j ﬁ l’> (_o/l.{':rnuou.) (< q’

we need

° F(a) [.s &Ffm,d [

o lfm F(x) exists , aad
Yo

Llim Fx) 2 Fla),

X—o

So nt Mt,c_/ to (,/\u,é .96{ hese (’Arrc

Cond (tions to  Jdetecrmine (,o/lh'nw"*j ot a ‘oo;'/)-f,



Eranpl-
- Flx) 0 continuowns
®
/—\Z\\ ac 1 siace

:1 7 F(q)'Jl o»c!
\ |¢(nq F[x)'—’-z .
X4

Fle)=-1 & not contfruous

Exomples The Function

ac O since €O) s naex deflred.

Xty 2 % 21

E;‘;l/c DeFine Fx)= < =4
EY S x <1

Thea km  Pl).Iim x4 = 3
x> X91*

lim  F(x) =lim 3x = 3

x—1" x4~ /

lim Flx)23 , However , F(1):5,

40 we have
X4

TAU‘CFJ(‘(/ F (:5 nof (‘)n(';'nuouo ot 1.

_IF ( .'5 Ao+  onefAumuous ot (A( wL 5“3

Romork,
F discontinuoud ot .

—




TM(\Q o.re Faur‘ cases Far dtrjconh'nu- 1’45, We (//

look. Speo  chese  via exam ples

@ Flelz 2" x-1 —x-'l @ F (x)< 347'1
' xzD

>
7/

/]

7 7
< RCh\-a Vabl(_ dllbc.oﬁ@ QT)?,’/H'{C Q/,'Jca/pf@
F(0)=1 bue |im Flx)z o0

s ) fs andefined but it since
an be removed via rech.'m'/‘uf. PIEL

Ozt vt Dracf =
x<

1 1F x=7

N,

AN

N

/
21— ..

¢
] -cr~\

BT 7
/ 2
Tump discontinnr
ovable discontinui
@C—:V blt ’ ﬁ@ ‘s:n(_e_ llM F(ﬁ? # 'IM F(?‘)
X1 X317

since Im FE) £ FIL)  bue & con
X1

be f‘Cma(bJ via rcch:'N"/:f,




Rcy& e XF we hawe [\ m F(y):\ch)/ W2 suy

X0+

7

r \\
F 13 (ol hr/lu > X723 Ff‘.)M -('/\L r:/h * at o

. TF we  hawe limg  E(x) =€ (o) ;e say

< 2a”

u 4 NN

ﬁ 15 (onh’nuos ffam kﬂe, [CF{— aft o -

e JF F s continuous at f\rcrﬂ peink O in an
?AK(VD'{ Il w< 50.3

N\
“£o continuouws on the :'ﬂh’rvo{ I .,

EKM lC F()(): ﬁ;ll_. ‘S coneinuow) on (“‘90:.'1)
/V Sx+b

siace € o l-1

x -1 )l'M x-1

”M —_— Z xXxYa -~ a"‘ :F(O\).
XPa =

Xx—=a 3xi6 m  3xtb %6 t b
oo

(
((/V'll’a,('(j / F(K) lr.S (_o/l(':'n.,gow) oN (“L,oo), H.JVV&’?//

For Cxamfl{/ Flx) s not (o f.auouy o4 (-3,3)
S:M-@. ~L & i (‘313) but F 5 dEcontinuwous
at -2,



Rw,s;mnqr © llfM{f lﬂ-Wsl we haa/l'_ lrlc Fa/\{

j) 0. (ontinuouw ok a, then
F - -~ f
g, Fg  fo, cF, 3 (pLareo)
G condinown) ot .

» A// Pg{j/\o M:'o‘es are col f(,/lw()u S o IR .
¢ All fa.h'.)/lu[ FM-/LC'FI’-.)/L) ort CONFALOw)

onNn {'/\l lrr- Q/oMal’/l.

A’cmwaj( wl ho.og more ekan polJAom;'Ms vad

r‘a»h'on.q,\ full (tons

;”\20} The fo/low,‘,tf fy pes of Fuactdons oce
contiMouy ok everj numbe~ (A ¢hir c/omin;
—-alyebr‘u\'(_ Fuackions
- {rzyonomrrfc Funltisns,
- l'l\V?.fsq "’f:(fonome-l—rn'z. bun (Hons,
—exponeatisl  Fua(tions

- [ofar«‘th;L va CHions .



‘ T)\( ("(‘»F (s h{f“j t‘!efq”eri and beband the_
'scope of this ume. The rouph idea s tha
aay such  Faaction O close  enou fh +o o
pol nomiol. Since w_  haw w/wf/zul'ij bor
po/ynom/'x& ;W have  the seme For any P Hion

(4
.

close 0 a Pb/jAaM/ol

—)

-~ — _

_Q(‘gﬂ{g_\ Recoll that (F there cre  Fuaceions
j.‘A—m& ond F.h—C  chen R an
Combing.  #hum  and P 4 new Fackisn

FoJo:A--—>C_
defied a3 F‘ff{’()” F'(‘f(x)). Ie is oM
¢he c_am,o«JS/r/'l'uM of £ aad P

The relatiyn betneen o tinuow Fufl(,f:'a/D' and
(,amloo.s ;4’;0/\) (:‘) uit Fu{ A Co/wlyu huh'.)ns,'
Tkzartm@ TE ~ 0 Contiruouy O.¢ b and  I'm 3(&):5/
X ¢
£hen
'r odlx) = “ =
lim Faglo) € lin gld) = €1b)

@ IF f 5 Conefnuwoaus ot O and F s

Ca(\(—:'r\“o“) a4 3(6\)/ (‘A&n C.:j 15 continue us ot a,



FO/' eK’MF[CI 51rﬂ<.e_ nwl_ /LﬂOM/ 51,/1 {K) Gt.nc/
x3+ § o coaf Auowy FM(I Cf/bd}/ ‘fh Clr/’
(amFo.s (tions n boeh wo.ys

3
5:/\(}<;+ 5) cond [51'/!{1)) +5

(Yol al)c (_oﬂ(—/'nuous Fnd Ctivas,

066’. caceful about the  domains, For Cxample,
A4 coslc) s coatinuows ex/erD wheee bus ln x
15 continuouns on (0,"0) L IF we cons/der the
(_o,qﬂ,,,,"h'an In (14 cos(x)) , e need  1tcos(x) 20
In other words coslx) D=1, So whenever xilx)=-1,
the cam'oosl'h'.m 5 wundefined and  heace no+
continuous, LF to.s(x):-'?/ then x:fﬂ}f}fl;iS-]];__
Theee F"fﬁ,

ll\(’l-& co.s(x)) B contiAuouy eveny whaeee

excep+ % x::‘l[r&z{/;&‘ﬂj_- ,

Exorple Fiad  Im In (x™-x +e ).
/ x—1

S"{“@ 51‘!’“—( /"l ll} Con (—fnuoubl wL havc
lim  la (x"—x—ne ) - ln( la x¥-x -(-e)
)(_74 XM

~(n( 1-11e): I4€:1//



Ek:m/plé Let C,Ypla\'n whj

(x*43)
5fn[x ) + e

X~-1

5 a  conelnuow Fualtion on b5 domaln,

1-51'11[)() /.) coﬂ(-fﬂuo,,q as a 1‘/5) ﬁm(f-/.'m.

7. Gt b

3. X'L{-3 13

4, e”

cont/nuow) as an a€f e bl‘alr( Fud C‘f/{)/’.

Continuswy as pb/ynaml'y(,

5 C(ontinuous as  on expo/»cm/a/-

X3+3 r r c r
5. e 15 confiiuou)y os o cDMpD)IhJ’)
X443 -
(-). an(x) t € 'S contimouny os aa o-(ic!ch':m

F.stalyl+ e_@tm

I"‘ u)/l'h’nu‘)u) as

a ratio.

x-1

QI/L O(AU' Wch/s/ wé art uu’iaf a[?ebrafc

and Compos Honal rules

FD/‘ dcc((c_l.'nj; c.oa—h'nua'f‘\j,



TAL F,)//aw/':!)o f/\.eorem ‘s refj Cxem‘,?/ F«)/‘
moaj C’.pp”c.ah'a’ﬂle’pcc(rw{é ﬁ)f so/wr/lf fc,ua.(—fan.s,

B Tnecmeds are Value Theorem

54/7/90.51 F 5 continuows on the closed

inteeval  Ca,bd ond et N be any Aumber

between  Fla) aad  F(b) whire Fla)t Plb).

Thea thece 7 a pumbec o such ¢hat
al ¢c<b and FlIHN.

We  can {“MH'fa.(C. the :’a)ca as  Follows
F(b)

S
perem —m =T

“
£
Sl
S
)
§
]
[}
[}
[]
(4
1
H
\é
)
:
[}
1 ]
<

n
(&N

N/

We con p:'ck any N beeneen Flu) and f([;)/
and siace F s contiawous [ s like there & o ehread
betnern fhese points. We wn Follon th  threod ond
Eid siitable {apus  c  such that  Fl)z N,



&‘a[) Show  thas bx3-6xT4dx-1 0
has & root between 1 and 7.

SD(-W} La as define Flx)- 4!3-6x1+ Lx-1.
Then F 5« palanaMI’of( 30 continusus,
Ao, F(N)=4-6+3-2= -1 and
F(Ll= (8 -6-G+52-2=%2-24+6-L =17,
Tn other worés/ we have
F(1) S 0 < F(r) ,
Bj IMT, eheat s a nambec ¢ such +hat
1¢¢c<2  «nd Fle)=O.

This Cc v the rove we wanted,

o

Limits  ae In ﬂ'mrfj /Harh on 4l A;jm,at—o\‘es

Co/t.slge_r- (/s(_ fa/lamr’y 5/;*ua.h’;n - F{)‘): X 3—1

X3 +1
/’\
Wh&ﬂ X/of'f.S
bl' c I/,fl //,Iée
/ _) X fcfs clotr +o
C { even F F/x):;‘f.




5('M/7ar/j / /(/ X f((.f S/m.m//er'/ F{x) 5{-,’// j‘f;

tlyer +> 1.

ASY

We  descrbe Ifx FEe bff‘r‘\

O/lé o"

s r
this cose we W e

a) ”X fae) o0
X pits sl > as 'k 3oe.x —00 ", Zn

‘ . 3_1
,'M Xg—‘" = 1 a/Ld /I/b )‘(—3— =1
X200 X344 x —-00 X344

A/lc/ we caﬂ j =1 o5 a hor('wnt-a/ asy m ptote.,

’ '1 _ ’ r
% x[i;"oo 7_,(7 sincee  when  x P brpper,
1 Pt smoller  bue nee O.
X

1 l’ lr 1_.
Slm(ar{j ; /m ?’0,




Ta

FO{‘

W, we  have
4

[P -0 =lin —
X500 X X— -A

r20,

ES(Q/F'{ Fiad  the  horirontol snd  vertresd sy mptotes
r
o

’

Flx)- 2x*+5S
x* -3

50(“} Far har/'z_anw( a;ymph?(t) ,(/\a(_ shvu W

stmpwﬂj

check limits at + 0O, F.)r Ve/-h'c,,v(
, W Should  check whee ¢he

r c
I{M i+ 15 n ﬁlﬂlrf],

c
l

X200

5 I'M ((

2 + 5

Zx'LyS = lim oIy _ ll'm Z*_i—

—_— — x— 00 x 2-10, Z
Yxt-3 l X° 3 _ — - “—3’

X‘L / [fm 3-3 570

divide both xS0 x*
Nominator ond borh
kaominator by lim& exit,
he h:‘PIuw powtr use roélp

o F x in Qhnominotor rule

f(y/ [ém 2% 15 :,2: . S.)/]:__ 5 o
X=9-00  3.2_q 3 3
horizonth axymptot,



Sine.  the Functipn 5 uadeFied ot +1,
let & check these ‘oolfﬂ-ﬁs.
lim 255 - oo sthee X Y,
x51t  3xr-3 very e 40 /,Men
the npominator 3 pos it
bue 1he  Jeaom faator 3
positive  and prLetinp
smotler . The ratld  iAcressed .

WC can c/zu'c/e x=1 s a vereled asjm/h)f(.

“M _ 2¢2+5 - po ()j L 5:'/‘4/701— reoson,
X—-1 3xt-3

We  con decide 5 anothker vertiedd

as Y mpw« .
w We con hoe infialee Lmi a¢ in F//l/'ﬁ .
IA O(A‘(f WDfCIJ / FDK Sont F‘ / nwe L"‘A hcllf(

[(;'V] K’-(X):DO.

X — 00
. . ) = N Flx)-. ' Flx) =- oo
éc/’l/[ar/j , !(‘_’f’_,_m Flx)z o0 / ”(,’_"_)Qo X =20 / }?’:19,



are nn;bk.
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Example Wm x3= 20 , lim x?z-o00,
X—00 X2~

AR

O Con read “I/m Flx) = o as
X—>0°

{4 AN

whta x becomes /aTel F(x) becomes (o.(rfc.

lip X UeX

Example Find
/ X292 3-x

WQ fu»

R ’
fin Xtx MW x#1 o oo
X200 3 -x X202 3

2> -1
x /

d{w& both since //'/V; xtl =A™
Nomifator oad X3
denomina kor ()5 cmd )Em 3 1:=-1,
the h‘ff}\l.{«" fowec X— 00

(‘)F £ N &nam{/ld(‘ar
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/ z
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Tn his lectut , W will  cover  a spec'.'of( fom i+
whih ne ol B Yeclvative ™ lage~, Ja rle ead,
dedvasive Wil be o ok of ckanc, bat we
Fint Jpa've_ twd  nduitony about the 5€ecf.y( I¥mi¢.
Tan at

A s-(—ru‘.;ykt line touchey o Carve o+ o Po.'n'l-/

but (F exsended does not cross (F o+  that P.>|'n+,
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5 / ue / l'/L( 7 f'/u_ {'ar(zjoMJ' A’/l-& 5»{ t g ec/
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T

the Curre Inam&(j ! the fﬂnp h o/ X -

Honw to  Fiad . tunpeat e 7

4

Let P l’C the Po.'M— (Q,F(o.)) 1 J);'/en
curve  and (.oﬂbl(J/U‘ o- Morbj pofnf Q
(5,F(0) . The slpe of the lin passing thouph
Pad Q & an’/en bj

F(X)—'F(q) ,

X~a

FOI‘ cl(,f[effn(' Q . e AOV( (:IlrfFC/‘C/h“ S/L?Of.

/@/é\@\
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\/V/M n X afffo ac 7!‘65 a ;N am&:/y Q
approa.c/u,s p/ thse lines opprooc h ¢he
fanfm—l— ke, Thert Fon , we hawe  the

Fol /Ml':!j de Fraftion

Oelnirions  The @ to  th_ cucve ch(x)
%*“Q .oo;n(’ P:(a,F(m)) s +he  Nne +hr‘,.,v,k
P with the sla‘oe
e lim Flx)-Fla)
X—a X —a

IF the limit  exigis,

————

E}JVC Find  the -hu:rem [fne to 3:»«"‘ at (41).

Lee  Fze* Thea  \im EG-F(4)

X1 x- 4

Slim  xt-1
Y’-)" \(-1

:“M".(__@A—)——:HM y+1:=12.
X M %51
60 (l\l_ fon(junlf 7/\9. s A line ,aa.ss.’nj (hfﬂufh
(1,4)  wirth ')(Opﬂ 1. The eTuu.ﬂ‘aa of the [



5 f«'/en (’)j
5/4 :2(7(*1) , mm’\xj/ l:)'-,?x -1

/Vv?“"( f/m_{- :(F A ’l‘/lL Pﬂ.SSC) fﬁfo,fl- (a,b) and

h().s blopt m (’/\b\. 143 Ccfua-h'an 5

g-b cm(x-a).

The  limir | m f_()‘)’/F(a_),_ con be  writeen
Xa X —ch
olsc  as Vrm  Flhta) - Fla) wheree.  hzox—a,
h=0 "

We'll look ot 4AL same  limt  From anothur
Qz(speu'fve. Suf’f"”e Flx) descabes <he pos{*TO"
of an object o Jﬂvm Cime  x

Tn ¢the eme  imerval  From o to ath , the

Ob')e Ltk Chan‘f( [} pog { Ffon Ffam p(a ) €0 Flath),



Thip ek averapL velocivy of +he abj’eu i
jll‘/ én In (—(rv,y{ I8

durbplad”‘*"(' _ F(q_ fh) - F(o)

cime h

W"\ln the I'/H'Cfb’o'{ quu*hj becomes shorter gad
5h.>r+<.r,wc_ reach ¢he veloci+3 at +he tHme  X=z=a,

So we el e e loclty Vi) oF a by

vial=ltm ﬂ“*"’ - Fla)
h=20 h

T speed o a s defined (33 )V[“))-

% Po(h’g(( moves a.lonJ) G Sfru-’J:hf line
of muotivn s=Fle)= YO+ -—é-('"‘/

WH’k -Cc‘uu,han

r

hee S {1 meosured n metes and # in sewnds ,

(’:Ad the ve(au'kj a+ +=0,

Solueton m F(htt) - F(4)
/ h=0 h

0(hat) ~6(he0)* (01 - 6 (41
h->0 h




40h +310 - 6(nCeshet) — 310 + 6(18)

zlim
ha0 h
slim 0h 435 -6kt - boh - 96 -115% 96
h=0 h
clim K (80-6h -4g) - lim 31._gh- 3L,
h-0 » h=0
Far the somt_ |lim{+ lim F(hta) - F(a) ; wt
9 T

ho‘m' two é‘lfﬁ’\e“" meaninps The. Kmie (s

‘\) s ehe 5 lopc ) (’- f'unfu\f line. ¢0 the
Curve R X=- a
27 ;S {“Q VC[OLA(‘hj OF a Pa(‘fer’(_ aft (f‘l-MC Yz,

-

l/\ l)th CusSes y fl\L rotio F(h+a> "Fﬂ
h

f‘errcse,ﬂ—s Q cko.nje. of Sor¢ tln'r:f . Wh l([C vhe
Catio 13 (“L aV(’.ro-J: C cha ftfc DF F(x) with r't’s,a(c(
to ¥  over Eﬂ,ath] , e [im+ +he
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/ o Aumber a (‘,e,nodod (37 F,[a )/
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15

(;((0-): |llM F(hfc‘) -—P(a)
h=0 h

( s r
Vot Nmi? e wits,

w Ler F(x)= 3x*-4x41 Find F'(1).

€' () 1t Flhet) -FL1)

h-0 h

_ lim (i) - ((het) ¢4 -(‘5(4)"' -G (1) 1 )
h-0 h

lim 3WabheE b oA o AL
h»o W
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Den(lfa,ﬂf ve a5 a F wunc €/on
—_— E—

Recslh  that kst time  we defraed  dorveeiic ;
For a Fuaction F/ FF the Fo//ow/’:y hns's

2 xis4S
Flath) -Fla)

im %
h-9o 2

/

/

the [mit 1s ¢he decivative  JeselF. We deaoted
e b'j Fl(a):

thea e say F has a decivatfe at a and

/‘/7“/, we WII/I fmero/a'z,e che ,'np,,h‘ a and  ta 13
about a qu.fo( Fuaction

Flx) <l CO1 200 X
h- 0 h

W@ clyﬂ{ F‘(x) s the denvatiw  FPuaction ol F.
/VOH’_ ¢hat FF hes domain I/ i+ doey
pot Mean hat F( Nes ono ol n TI.
per en

F((;\) f_g QI/(FI’./\&J ;F a(\é o/\lj .{F -{—/\Q /IrMI’-{- ﬂ

exfsts.



W IF fl(x): X1—x ; Find FI{X):

Solut‘.'or\ F'(x): Ifm F(XH\) - Flx)

/ h=0 W

((‘H’h)l —[x-th)) - ( s(l_,x)

—

= llfp)

h-o "

= [V m /-\1;0\-(-5\1— -\ 7/_'_/

h30
h

_lim K (2% th-1)
h=>0 )n/

=lim 2x 4h-1 = 2 x-1,
h0

So F(x)= 2.x-~1.



Emyk T ol (%, Fiad o).
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h=20 h
= (fm V Yth - ((xen +Gﬁ))
h=0 h (chﬁ?)
=lim g{“’) "/’(

h30 W (Gon +0%)

= lim _)f(ﬁ

h20  p Gan +45)

hoo Veth % Xl
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Remarks For eh  decivatie  Fun Ction, there
/o.rr_ other  well-knonn No te erons . All
the Fallcw:'rf)a ace the same : [F €Flxlzy,
thea

’ @@d Flx) -
d x

For dlrfFCf‘UH fuf/ooscs , ne Maj use a.ﬂj
Ow‘ them., Cl'/'C/Cc_l onls wre the mos¢

common oNLS,

O@ A Fun«w:"o/) ¢ 05 d,rfféﬁﬁnh(a,ble, at a
‘F FUla) exises. Te s diffenticol  on
an {nkrv'@/‘. ;F i+ f) c’.'Ffertnh'alolc c+ CV‘Q(‘j

number an  4he fateeval,

E l(w F(x ) - x +x 1 a Ffent/aple Function
(WC Sl’law'&(! befon:, ) and s derivative S
€ (x)= 2421,



‘/VD—(-L shot not M Functon § dFFemnriable,
)

We howe o basie resule -

T‘w IF F o J:FFCN/‘(’(QML at a, t+hen

ﬁ > (WAt M Ow  a+ o,

Pry\c Omiteed.

ACCOFC(;"j to ke chesrem, pe  can say VF
F 5 pot CoNtipuous o+ q ‘oofm— I(ku F

Cannot & d:fFE(CA(:qU.[ o+ C,

x20 ,
XUMP,C K) is Nnot N i rvwun)
xLO
-y

5t v not d:rFFcfcnu’ab{e at 0.
ND“’/ the.  main cgu,whron s

Hon~ can a Fuactsa Falr/ t be

difbeceneiable?

r ¢ - A
The direce oasmer 5 that F Uiy Elmh L >)
h=0

' '
(!0?) not ex s+ ( chen F /x) c/.>e.! no4 exist .



W We 1 show thae () = x! ‘
d:p&r(_n,h'abl{. evtfju/kg_r-c_ cx(,e()+ O,

We wont o  colealate |{m l",*“_L:L")—\_
h29 h
SuP()ojg X720, We can chooe h  small enow‘jh
(S:A(,( Tt oFfroachJs 4o O) Suc h that xth >0,

So we pre iw Ixthl-lsl _jim fth -
h20——

h h20 h

:({'/‘7 /_l_(.':/lfm 1:1
h>0 A hw

50 Flx) 5 JiFfFRrntiable on (0,"7°> .

SMF‘OOS{- X < 0- Afu:‘n wi Can cA VoI /7
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h-20 n " kO h
clim K h X B zlim o,

h =20 h "0 h=0




So  F b diffecenerabe on (22 D).
Wha+ hoppu»s a O7

-

J, F e KI.H’S wOL ha v
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l’HD h
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0 h @
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The probl.am at a  ornecr ‘Jm'/l+ 0y that,
\fLL in the etamp(&_ Y. rhe (c £ ¢ a/\c/ the r‘:‘}oha‘

(""\'('b e J{F&dn £,

Pnother possib“l‘fj for befnj no+ JdiFferentiuble
i thot we fmay haw — vertfol {'o./lgyd\l' Ifre

WhKA. X=a. /Vam(/, / \C i caA{-.‘Aqus at a( bu «

h/’) IF‘(X” - 99,
X a

TAL derivatin n not+ a Finlr nuansber,
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N /N /N '
D 7 —
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/Vo«. thot we can e pect (’4[,'/59 declvatie
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ekc,
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N eimes
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EKa/mJQC
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h=0 h

2lim Ll L =22
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E)(eru's{. 5how that For F(x): )(l-(-x/
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/
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IF Flx:- .
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3 wd/min, How Fust 15 ¢he he.’lfhf of <he

warte” |‘n(,f'{0-$l'f\3 7
V=Te*h =TT (5 h=25Th ,

— So dV _dV dh _(a5m)dh_ .
d¢ dh ¢

de d¢

d

Since. dV . + 25 Tdh _
\/v/clume ZJS/ e 004 -(?7’3

/



50 éh :_3/- ,
% 25T
/

b)hm.a/t A’ \oare-rc e s mo\/\'r:f a lo,\J a
1‘\3 per ‘Oo[o. Kfj =% . As i+ ~e aches the 'oo.'n'f
( (“'Z,) ¢ +he_ S - coord (natec 15 d?.(. reos \rﬂ

o

At a rCate of 3 mfs. How Fast

the A-¢toordinate oF the P.,fnk Chaodh’nj

at thot {astant ?

S%y To\k-(. C!En'vah'w. oF X3$g with e3pels
ko +. We 7

< ()= ()
de de

g dy -
ﬁ(j-tx_a% O (ﬁ)

Red A:'/»héfhwd seaknce  mMmLons /Jl:_s at

e
point (¢, 2). 50 [ ae ux these /7 y~4

'



Thu}/ the x-coordinate s fncr-cas,’ﬂj ot

——

a ratce of 6 cm/s.

w TWD Cars Steart mo\/l”:f Ff‘om the Same
, Cor 5
pownt. One *ravels south at 0 mt /‘n

Car x ,
and rhe or he travels wes+t a+ 15 m:/;,_

A-t wha-r rate iy the el,’“—anu, betueen

e cars ‘l\(,rcq.s:'/\J: two hous latrer?

(
SVW) We art Jo,’ren
dy _ 15 , dx 260,
z \ X c)‘(' C‘V
dtts(’ance_\‘\
. Also xtey o2t



de €
2¢ dx 4lydy = 22 Cx (ﬁ)
de de d¢

Afﬂf 2 ha.,(.f_s / )( 12;‘0:410
v: 7_,7/5‘-'/50/ X2

336‘7
:m? = '\50

59 L) a/a numbecrs i @7( aad ﬁcf

/[(110)(1,0) t L(s0)(Ls) =X(150) d &

d ¢
110 (60) ¢ S0 (23) - d=
13D d«
65 =dw



L iMar A’Fploxfanaqf ons

Ca/ul'clzr the Fa[fzaw:':t/ s/ta/ae_ n  a f{aﬁ h -
Fx)
'(’aajcn‘f lfre gt @
\3: F (a)(x-a) 4 (;(M)
(a‘((a))

rn\z_ curve //es ve rj close its f‘aﬂf«cﬂ* Ne
the  point (o Flo)). L+ M:’/J‘lf be €95y to
Calwulate Fla), but not bor Maréj valuts .
M con  use thd close  line o approximat
ehe  actudl velu s, Tn other  word, ne hare

P(Y) A F‘(Q) (Y"a) f("(a) wﬁ&(_ ¥ /S near a.
K’_\j -

/"5 i macc/ /I'/ICa—f approxfma to>n  of F at o.




We— ase. 1 as & Nw Un LEsoN

L) - FL) (x-a) +FLa)
which 1 (oaCC! //’/\-ﬁo.rl'zo\h'an aF ¥ at a.

R,Q Mo.(k Th 50 N7 some (h//lf new. Bas /’cu/@,
% Compute % he. +taqpen ¢ Ine  ar a
fllt’en pofn‘f' {Q,P(a)) and use ,? as

r - ,
a /:/u’_ar:zahan.

% f”,',,cl ’fl\(_ I/n,e,an' ra t1ON L (K) O ,[

the Funcefsn F(x/:xs—ﬁ1 FS af a=-2.

Sb utlon 70 f 'fA{ ,001(/1\‘ [Cl F[a)) /;r/'s-f
/ F/ad j:[a , ,
Floryz (- (D 432-9- 4 ed= -9,

[o P Flo) . Eirse  Fad the decivatie Flx)
F((ﬁ)‘-'— '))xL-Zx , 5O
F'(’Z)*z '}(-1)1_1(..2) __%[(_ tL =1L,



T ( R
/A/u.‘) . fhe IlM.oﬁlwh‘an 15

L(x)e €61 (5-(11) +F(-2)

’L(x?: 1G(x+2.) -9 ‘

fxam le Find 4l [rgaciration oF
F(x]: ’n('h-x) at x=1.

ébl“‘f()/\ Lets rptar what w  need;

L)z FIN(x-1) <F(1).

% we shauld  Fad P and (1)
F(1) = 1a(4+1)-1a .
F((x) :-:L—- 1Y F’H):i— ,
14x Z
71\4«,/0&/
L(X):%(K-'\) +n L,




HW we_ cen u I:’/I,Cc\f aﬁarox Imation
‘n 'orac(—:'cc 7

Sufpobc wl. want to ca/.xfu«_ @ whih
s very haed to  achien 6\7 hand. But wne con
Find “an approximate vedue .

Considec o ¢ lose inteper ¢ 3,98 whith B L,
And  the  Euncefon wve  look s Flx)=Ix

5% wt  can use linkarizatisn  of K at

) Q_FP o ximatt ﬁ

L(k) = €L (x=L) +F(L) et Fle)/x .

59 F(Q):G:’L Qﬂé FI{X):jF ;S0 f({4)$
Z{x

Dl

%\Wl L(x):i(x-'(,)-f'l_
4

- X -1+ - X
z &
Tkt s he (307 £ L(398) = 232 4

:0,995f1:|1,9‘)5 ‘

+1 .



I'e —-
w Estimace cos 19°,

We_ k/ww/ (7)) %00 < 98 l
6

r
[,Aa arltatisn oF CoS x at 310°.

l
(C«?.S X) -~ —-sin x P so fsfn 300: -

~ =

Lo -1 (x-3%0) + G
[ [

\

Jo st = L(19) «ﬂi (29-30) +{3
z

\)

1+ - 146
L T

(ﬁxmy Estimar L’l .999) MY Djf linea rizstion

o/': f(X):KL' at 1.



/Maxl'/vum and /er/l/'mum |/a/u55
_—

Iﬂ this Ieccur(’ . we {// /e,r/) whd.f‘ cla ma Kimam
\/o(w(. o.M(. minimoem fd/u& Mmoo 7 and  how CIO

these cela L fth  vhe e rfvocive |

WAJ do w2 care max (mina Va.[wesz Becawse
H\Iy ae. relored 4o o‘atf'm:'z.ah’.)n Ffpb(em}, Vi/ﬁ
m:'fhf warté to minimize loss and  to meximize
j“:’\‘ (nwrcfpre_ , e should learn how ¢

achieve these.

Deﬁi«'} Let ¢ be o nembic A the domain
O of o Ffuaction €. Thea  F () s
o tht obsoluk.  mox. vulue of € o O F
Fl) 2F(x) r M < in 0
o the obsolute min. vaulue of F 4 O
FlNg Fx) for M < ia O

o« 0 local max. yalue IF

FI(ODSF(x)  For x neor ¢
e O local min. value o

Fl)EE(x)  br x neor c .

/




(
T4 buur o0

7

‘d\bs(’ IN an €xom'olg s

n

obs: M

loc.
MNOT
loc,
min

Ob.) mi(\.

6/ \/ XL ,\ x>

WV

o.bs.
min.

No mex.

? Not that eoch

[ocol mox, [min,

AV}

np miy.
no  mox.

abs. mx,/m:'/' s also a

J



not moximan
w l’“s no4 ad\ftfd

1] ’M

/ "
0103 i ? I:
N ek \’ 7

(4
abs, min
\
5N %K

\ L/(//

locod  and

abhs, rmin

T/\e, Follow
ﬁo two  theorems C/CC[arc_ when

'/ ' W

MIiAN . &) '* V\/ * “L 'GI(N D"b“ p
‘\Q,SC. a &(' | ;

bLkV\&,LH ( I\d {‘\L lVQ('V‘-



@ EK'H‘C"‘-L \/alu;; Theortm
I 3 F 1) <o At inuovd oNn EQ‘ bj / -(Pu(g F
ak€ains on abs max.  Flc) and an abs. min

F(.d) ok SOMe Num be.rs c_l d n qu b] '

@ Ferma&(S Tl\wmm

IF f }\.Qb o locox mirimam or maximum at ¢,

and F(Q exists ,f‘un ('(c):O,

Thzrffo/‘e_l N & continuwows  Fuaceions AT can

¥ind  rhe ﬁogs,(blc_ mox., min., valees bj loo L:’\rz)o
at the  polnts  where the  decivatve 5 zero.
A[-tha "‘f A , Gt those mMax. ma /pmr/! rs ,rhe dw'fwa,n’rc

is weco, this  does not mesn , however, that

:(’é -fl‘L d{/lr"'a-hrft (s ‘Ler‘o/ {/\(n .é/lcfﬂ Jhdulcf be

a max, o~ min ot thar Po,’ﬂf,

E/)& F(K)'.,XS has  €0)=%0") =0  bur x3
has a0 moax, or min.

E/,\ ((X) T l;(l ha) a m[n{mvm ot 0 , b4
£'(0) does nao+ exniyt,



We {( 'o/p/\'c(e, o method 10 Fad  sbs /
may. [mia.

Va.{wc
s ofF a continupus Function as/'/y the  pol.
D aw/:t/o

new  deflation.

Oe [:'ﬂ/'r:'on A’ %
criticol number of a Functivn F
I ’
Q. ﬂaMéer / :
c N the domain 2F £ such eh
at

Fl)=0 or F'(c) DNE

P

/}( Fmd the cr:’f:’c.cu( Aumbers of
F(x): ’(%"6"1’-15x

(0/‘ : s ‘ [ heed ?)K {* ~- 7 ! / /‘ d
’lt!! (K) - 12)‘ '15 . A b) CZC e
! 3 ’
Cres W‘ ¢ (o 50 ne .SA-’»/J / é L W/il_ﬂ f 'x -~
7 oo Q / }.,ﬂ

(PR
Kt 1lx -5 2 3 (x T 4fx -5)
=%(x +5) (x-1) =O means

=-S5 or xz1

5% F'(-5):0 ad €'(1)=0



E/(am (e Fird  the crieiesd numbers ofF
/V Flx) - x"Flnx on (0,@)

€ (25> x4 x”‘(%)

= -1 lax <

- —Z_II\X ¥ 4
—

x> £
= -Llnx 1/\
x3

€10) ONE  and i Fll2O then &

Mme s-nd ~2lax ¢ -0 ) SO —2lax +1=2 O
£3 1 - 2lax
1 _lnx
Z

(
VVC C/Oﬂ £ Cownt 0 s l'ﬂ(l. l,f’ (J Nnoe ‘n doma ’,/'-

S0 the anj crifereol number B (e .



EM/MJw Find  the ceitiod  numbers  of

Ay Leosc t stn™m .

{
f (K)': ~Lsfne + 2Lsinxcosx

';ZS;”)‘ (—l’fLO)Y)

This & defind enrjwhrc,/.erts check  when
F((BI;O. jf’ means

2Lsinx (rf-r Losx) = U ;5

Stax= O or Aecosx-
/ CoSxK = 1
¢ \
Vv
Xx<2Th or x=2Tn For n
x= M+LTa  For stipe”
n ,’,qu;r‘

o hr &M n //wcdaer/ 2TAn and T 42T

ace  crfeled  numbers,



Now et deserfbe che nethot e fFiad

abs,  max. [min  values.

ETHID )] et F) te continwowy on [:a,bl,

@ Find the vslues oF F ot the criticol
numbecs of € n (a‘ b).

@) Fid Fl) cd  Flb).

(?9 (o,mporc the  aumbers, the /a?{_.f’l‘ one
w/ll be abs max ,the soodlis ¢ one  will

be Q,bj, min,

g) find  the  abs. min odfor abs mox oF
Fle)= KO+6x* 15

onN ["?‘1?'3

/Answu' W//Ve alread  Found  thet -'7/ 1 wrc  cAfelesd
/numéeﬁ.
E(~5)= 9" +6(-D"—15(-5)
=125+ 150 + #*5 - 100



v(1)- 1° 60" <151 <146-15 = =%

@ ED=()° 61" -15(-7)
= ~54% +6 49 +105

= <545 4 194 105
= 56

)

F(F) 2 2 6 (DT

-15(7) ,
I omitéed th steps.
- 532 / .

—

<§> 50 we ha/ﬁ

F(-35) = 10D

Abs,  mia,

F(-21-5¢

Abs. o,



E/x Fird the abs, min. and[or obs. max oF
Flx) = x " lox
on [1, ¢4,

@ We Found beFoce the criticsd number oF
F()J 'S Q ) N
(@)= (e Inle

1
= _’_Ll Mcl
(e 4
e L le

(D) € 11t <1020

Fle) - e %lne - ¢ . A
e'L

@ we Yol F(G)fz 3 abs. max.

Fle) -1
€

(S



E/X Fl’/NI— (AL ﬂbf, mo.X and/ar‘ abs, min DF

Elx)= Leosx +s5in™x

o 0% %1

@ 6j a Prew'ou) emmpéa, ne knan/ 0 /s
N only critited number (n - 7//2 P %] ,
FCON-2c0s 0 t3in* D

= L

@ F( ’]i) < ’Lc,o.s [/%{_) + 5'1/11(’4)

Recsll o3 {—ﬂi ) ~cos (%) =0 s/lace cos
on even Funcelfon. Also
sin (’1"2,) =51 (EZ):-'" since sin D

an OC’\’.I Fuace/on,
> ﬂ{’ﬂ/z )—; 20 +(-0" = 1

("(V/Z) =10 +1* = 1



EM’}{& Find the  abs, mar and abs. min.
ofF  Flx) AL +4x -x* on L£G5S3,

TA{ /MC(M l/cb(u./_ 7/\C¢)K‘C V)

ﬂ-e oya the Iﬂ termed fate l/a/lwe_ ’nwor*m and
that we use [+ o Find «a colution o the

ven 2puation. /Vow, we will pro vide other
-(aa/.s o ded'de <A pumber  of  solwtlon ¢0

é/&fi/eﬂ egaan’on and o do  more,

Firse, we wil duss  Rolles  Theorern :



Ko//{:[j 77uor~em Let F be a Fuacelon
such  that

1. F {5 contlawous on La, b3

1.F s Jdiffeentable on (q,b)

3. FCa)=Flb),

”\Ln there 'S o /\umbef C n (q,b) Such
(’l'\af F‘(C):Ol

Tk& pl';)oF \’> omi t+ed bu 4 Jou can
ww‘)?-f.sfrand 4 he_ :d,e_o\ (rom t he a.»umP(-/’on_;,
ﬁzypo)e nwC arc (—rU.’rj to skeech sach

a  fFun(tion,
Stact  with  ewo po-rm-s on 1AL s

haf:wﬂ*q‘ ”/LL, («/\a w:IH be F(a) ond
Elb) which eor¢  svhe  same,

fFla) F(.b)




/V ow connk (4 two ,90 (NS N«
canh‘(\uou> Q(\A c“FFCPcn(':'ab[(_ Wa\j ’
/V()./M,(«y no ho ’e or no corner-

show!d cppear

F) Flb)

Fla) Fb)
ol

or ,
Fla) ¢(o)




AS So.,« Obefveé , in ij case  wne
Can Cind ,Oofn’rs c whe re F(c)=0 )

How we can ure ﬁo”e(.) 7/\4.7/1:»4?

Ew Pra\/t ’(L\Q& ‘”\2_ ectu,o.h‘of‘

x3+>< -1:=0

Aa> er,c,{lj o reol coot.

Solutlony,  First oppe l_\j TVT ¢ Find 4
root, Let Flxlzx®+x-1. Theq
Fl(4)=1%41-1= 1
F(0)z04+0-1=-1,
Since € s (ontinm ous 65 IVT | thece

‘s o solutivn bor +he equet/on (0 1),

56600(!/ We  Wwant ¢to shon that shee
5 onlj one_ r‘eo'{ root., We osserme ¢he

Co/H'rarj and -k(s <o ach?(,rt o c_on-frac’f(ﬂbﬂ.



S‘l(()o:)t (')\Q_rt. ot two (‘e,o/L Awmwbers a, b
sach  ¢hat Fla)z0’s0t-1 =2 .
F(b)-b* +b* -1=0

§II/\<L V£ %) CoNtinuo w aad c‘:/f/en:nh'qbée/
and  Ela)z0 < F(b) , bj Rolle s Theore
chert. should be o < in (qlb) such that
Fl(c ): 0. However

FUx2-3x2e1 21 For ol «x.
50 F()=z0 .'mpo.sa:’bée. Thece lcore, there
Cannotr be 4wo  solutivry  a b,

Thece 3 onN (j o/\e_ .Soluf/'o/l’ o0

we oce  done @

K}mu(k Ko//eg f,{gorcm 5 c«,[so /;wppﬁ‘anf-
because (+  helps  to  prove the Fo//aw,:n)o

[mpoctant resw ¢ :



MvT)

Mean Value Theotm Lee F be  a  Funcefon
such  that

1. F {5 continwous on Eq‘b_}

1.F s Jdiffeentable on (ab)
Thea the & a number € in la,b)

Suol'\ d\cd’ Fl((): F(b)—ﬂa)
b-a

OF/ e“u:v/alenfls

Flb)-Fla)= () (b-a).

W (o/\su(cLLr Flele 2x* 3% 41 oNn CQZI

ch!ccd, F S continouy on C(%'L}
cllllcérmh'ub(t_ onN (Ol,&‘) ,

gj /VIVT/ the re 5 o aumbee < n (D/Z')
5uc}\ tha t

F((c):w: }__—;L :_}, =1,

2-0 2 [2

511/10(_. (l((—)i (.(.C_ "'3 [ F'(c):1 Meany (,:'(,
As gou see b indeed  in (Olz).



6XOM /(, suppo‘)e, SSFI(X)S 5 E)r‘ ‘ya_ X,
/f)ffw that 43S £08) -F(L) & 30,

So(@ Flrfsf of ol sin e Fl(x) exits
Cor oM x, F & J!Flercnefable , and
Wence continuows,

Thece For'c/ ne can we MVT,
Lt means there 5 o o in (,3)
Sach that

F )= FBI-FU)  _ F(2)~-Fl2)
£-1 6

g] assumption we  knows 3¢ F )& S,

So
3 F8)-FlL) (5,
¢

/Mult,'/)%} o'a 51’(‘!&.5 with 6 and ftf

18€ £C8) - F(1) £30.
We are dome @



W Oylr‘ Mmain Fﬁbu,s F.)f Ko //( f; 7/)/!1
and M VI & that student  should wAaderstand
l’kL hjpo'("‘bs 3 a/\i ‘UI\L conclusion r)F {’ACJ( .

ékamﬂ,ﬂ&, /e n‘/j that the Function
/ Fle)zx3-2x%-bv+ T
satisFles th three hﬁop (Reses  of /(o//c(J 7hcor¢m

on [—21 2‘] . Tl\ln F,'nd OL( numb ery ¢ that
5o.h'.sfj the. cnclusfon oF Kslle's The oem,

%7 F()‘7 s conélnuous on [’?’l 2’3 Since ’rfs

o. pbljnoﬁl'o‘(l
Vé Fix) s JdiFFectatiable on (2,2). ché,._r!/

Flel- 35 =4x -(, .
(D) FL = 0?2 (O —f ) 11=-F -8 4841 = -6

FL)-(D*-2F ~¢(L) 47 - 8.8 -8+4L =-6
50 F(-1)=F(2)

(onclusion

_‘;:7 Theee is a ¢ in (-2,2) Sach chat
F'(c):o ¢ namely 3¢t -4c-4=0

(3¢ 1) (¢-2)=0

S0 /c: ~Z/,} o 2

a—




T Flx)

0/1 Whl'b/’ ;/leVa/s F 5”:3@ tAc Ajlgorhses
of Mv7 7 Selece ol appl,

Bloss @®r>s3 (Drs,?2]  @Le.,1]
A/\Svﬂf ,Z,ecua thar MVT needs
/ g F

1 continnwous oA Ea,l:_]

@ F 'y d./ffenticbl on (q‘b),

4
5’"% ﬁ s not cONtIAVOUY <k 6 cmC! not
diffectatisble o+ b , £ doe) aot 50.,4-,36 MVT

on [3, SJ ane[ C 5, ?3, (O/‘rCC‘\‘ DP*::)KU o re
[ 0,33 and #1413



[Wee'k 10 Objective |

C?ul’&_[lr/llj For Ske(-oh{/:)o a (arve

TAA fo//aw:’.:)o checklist s fnttaded as « Jow'&
40 5/(,(,'('&1'\1’,:)0 e ¥ Curye jcpfx) l‘)j /\cmd,

@ Find the domaln of F, that 5, the  set
of values of x  For whih F(x) s defined.

@ The Fuacevn can fatersect  with  x ars
w hare :7:0 , or wi't A Y akis where xzp,

4

S50 Find shose ,oo.'m‘s.
@ F(rﬂé (’t asvaﬂfot'ts, K.Lco’(z( 't/laf‘

Y=o iy a horizontad asy mptotes i

. croy - : “(x):=
liny, F0za o Um JFlI2a,
X- Y 'S \/?_r(-'u.y{ as‘jmpta €S \'F ore
oF #he F"H"""":f lim(ts [y ©° or =89 .
lfm F(x) , IK'm  €(x) . |Fw Fix) .
x3b x—b* x b~

@ Find  the (inwtevods oF  lnerease or  dpcrease.
F (20 on (a,b) = € i ;ACr‘Cas-'nj on (Q,\D)

F)<0 on () = F 5 decmasing on (o b)



@ Find ¢he  locot EXEremum  poipts,
Fird 1k coiricad  aumbes of F aad
op plj Firse Qerfvative Tt  (or Second
Orivacive  Test) o determine  whecher  there

5 a ltnw( mAimum OF moximum,

(67 Fl'm_j the ’o.ﬂ'n ts of nflections oaad eche

.’n(—crro’{s o F  conca \/.'fj .
APF[J ({)ﬂCqu'{\‘j TCS'(‘:

@ (O/ICCf ()d ﬂf'CVl’;?%_) C/Q,m and dran thre

We alrcaJ_J covteed  the  Flse  vhrte seps.
The upeom fop  lectures will cover seps (54
and  rhen we  ekpect  to solve Jp,’V(n
j,,,ph skeech ?wcsn'.ms. We also ,om/:'cLe_

an e,x-s.mfb; quLsion From  the Pncv.’,;..g

Finod  exams,



(

W‘m(' doe,s s“"j qbow*‘ f?

Face @ IF Fl(x]>0 on aa {'n-fertro’{/ then
5 lr/\c,/‘EasI'/f on  that (lntervsd,

Face @) IF Pl 4O oa aa fntrvol, ¢hen
S Clurcasf:tf on  that intervod,

\/ou con obstre [+ Fom ke ,s/ofcj of

’

(/\L ff'w?bn* ///\-e_ /’/I bafh cases *

As gou miphe obere whea  the sign of Fx)

Chﬂ’:fc} , ‘('/\otr't. N e (> co’( exeremum ,ao,'nf )

since le behaves ¢lther ke /\\/ o \)/‘



Fack @ F{'/Sf De A vativ Tcst‘J

Suﬂ:ose_ C (s & cn’r,’/,,y{ num(Dcr' oF

A Continuows Function F,
o) IF F' c/;az:fq From + to — at <,
thea F has o locd moximum ae c,
\.7) IF F ‘J‘“’J’CJ From - +¢o + at <
ehea F has o locad  minimum at C.
C> TEF there 5 no chanjc at ¢ thea

",\Cft 1'.5 Nno laca’( Cxtrtmum a4+ <.
Framplo: FleleBué -l -A1e1 5, Then
Filxl- A1 =A™ - 26 x = 1Ux (x-1) (x+1) ,

50 ‘f",‘C_ Cr:(h'cr)[ po:’ﬂfs o.rt 0/ ?’/F11 “‘Ir"y
k/\(_ F«?Howi/f chart , We Can a,ar(y the tst.

4
{atcved 11« \ x-L \ x4 L Fix) ‘ £
XA - - - \ - de cmeas.'?f
’1<.)<<.D — — - + n’lc,rias/nj
gl x <UL + — + — CLCcffd-Sl’fT
2L K \ + + + \ + ncrtas /’rj

Ae x= -1 , Z loccA minimam , a€= C loced

Mo\.w{ﬂ Uum



% F('né the Intrvds oF ,'/I(Nd..)c/
d(,cr‘Ca._s(_ a.ncl locél mfn/m,c op(

F(K):__{A ¢
xt+1

—

Solu% F((K);(x)'(,ﬂ—”) ’(x)(xlﬂ)l

(x2+1)"
- xt+v 1 - «x (2'4"_).-—
- &*40)
(xt+1) " (xt41)™

(f_lrf/rgy( Nnum 6(./‘5 at 1 and -1 since
F(1)=0-F(-1),

inwcards | 1-x | ee | (™| F () ¢

—_— I,
K<—1 -+ = -+ - dbcf‘tailrﬂ‘f

4 Cx¢q |+ + t + increasing

1{x - + + — \ d(._c,r!a.s/rj:

F s dz,crt%fnj on (’9"1"1) and (1/00),

; \’5 (n(.(“f q,s.'nj oON {-—4‘ " ),
At x=-1 ¥ has locadl minimaem .
Ae w:- F has [(ocod maximum,



Whae  dsey F Say o bout F?

oF [ts -(—an‘.):&ﬂ ts on an  In vl 1 ¢ chean

e 6 colled concave Ul'ov«/a.rc‘. on I,

IF th Jmloh of F K below oM
ol s fanfcm‘.s on I/ then  SE e

fo’“ec/ ConcavCC downnaurd on L,

€x.



5 colled inFleceion P""’H |f/,‘ £ 5

contnuows and he Curve ¢ haapes From
cConcare u.Fwa-/d to c‘ownwoﬂi or

/fom concaove C’ovvn Wafd o u-P wo.rd .

FQ(.(- @ /cha.wrg 7651}/7

a) TF F‘(x))D ol an :'n«r\fy[/ +then

F ) concave up waord oa that interval.
b) IF F )OO on an f/\«.rv‘y{[ then
F o Concave down ward on ehat (»n Krvol,

Exw Flxlo x@ -G x3 ; thea F'(x )z '1Lx(x-'L)( aad
Fialz0 For x=0O, 2, (As:'nj ¢he chart  below,

wé cCcan uppl_s’ fhhe LCs 4«

inteevel AL =< x-~ | F“(x) F
x <O - — -+ wncavet up
0 ¢ xcn + - = eoncare doms
7<% + * + concare ¢

Ae  x= (7/ 2 F has infleceson [OONES,



E)m/m@ F/'nC/ the 0 i rvols o/f c_o/zc«_v/'ﬁ

an d ‘n f/c Ct/on /go,’/;f.: va

Flxl: x%-2x%45,
So[ufl"’" f‘(x); 4 x3- 6x
F ) %=t =11 (XL/7/3)
- -1 {
-17—{* 7‘5>(K+K>

Tawek| -V | <*Ys | £ | F
x¢-1 _ — —+ /COACa.rt up
;
A down
,1 e QL —_— —+ — Lo Nca e
& ©
R AN i B g
G

F 3 (oncayvt MPWW(‘_ on (—90/:%_.) and [—%,M)‘
£l

concave. dovpnwoed o (-ﬂ(, , 1 >
b}

€ has nfFleceivn

F-?/'Ms at x=- L -



Fact @ mc/ devarie tesf X

erpo& o0 COAtINuOM oo c,
(9 IF FI(C)’.,O o.nd f“(c) >LD,
then F hes X {oc_oul mdinmaem af C.

() IF FL)20 and  FUIKO

f“m F has a locol maximum at c,

K_Qm,a.r 70 Fad /Ocy( Chftrtmum J, joq Cenn
ust Ffrsf- or Secane/ oie/'!rc/q-f/'kc_ +C5¢, I'f'

to -(-e»((j clefends gou_r‘ pref{.renoe .

& Fiad the locsl mar. //m'n. oF
Flrl: 143« ™ =2x?
u):’ﬂ/ the Second deaverive st

FUlc)o bx- bxt = bx (4-x) .
$o €00)z0  and  F(N=,

To  use Secoad deelratie w34, Find £
F(x)= 6-1tr,

thatr F((f—)': o,



/Va./v F“(O): b >

/
£ (1) =--6<0
50 f’hft 1'5 (¢ § ‘0 col mirimum at )(:()/
o\hd thrC (5 o ‘Oool M X iMum at = ,’.

The locol min. valwe & F(0):1.
The_ locod  max. veldue . 5 F(1)- 1.

/\M

/l/aw, we covered oM necessacy inFo to
sketch o dor‘olo}l- Mose pacts relies  on
derirative compu tations ,6u+ F/no/fﬂf aéjmp+ows
P&c{u'a/t_ to Find  limies,

ﬂefarc Ja:'ﬂ'yo crum,olu abou+ ffa,a}l -5k.c+ch.s/
well comer a nice %c/'ﬂ/'fwt e desd wirh
asymfhm eom//g, This fac/mz'fux_ il be also

ast bul p){‘ mwsj l'mi+  ca Ica latoas,



Jadewmias Forns _nd  Uttsgint's i

ﬂzwﬁ (he 4 Varwpll.S /I/L(,

[/ m sin X lim x Inx [ m < —€7%.
X—0 X 7 x—0? X 20
Tn ¢k Fln+ case, since iy sine=C aad
X =0
II'M X = 0 we_ Aa"ﬁ .S.;M'f’h/;ﬂj II,LC.
X=0
%

f ”

o

In ¥he  Second CoSC/sl'flcc_ [ 2 X = aad

“m Ja x = - ne have hing i
x=10* ‘ some finp Jike

Q -(-00)

Tn the third case sfnce fn X =2  and
« X~ 0o

limn =22 pt h /
Xl—?oo [ ~ el somL {"'\:y /Jﬂ'(.
oo — oo



/4// ehese expressivns  ace called Inde eminare

fafms , T/\C—(t oare_ "Mor€ /prm) . //,LQ {-Ao)c N

__Q.,/“” p plice Q. 00 oo - oo
O oo oo ’ 4 g
/ ‘ “

WQ_ meon he re. Sufpos{ w e )’\u -
fm.(,(n'.}n.s F [X) arvd J (}C ) U.AQ/ woe Ma:j
have  ¢he Foll ambo cases |

//rm F(x); o . l/'n; J}(x):ﬁo SO
raa x=a

/im F(x)f (x) (s Il ke -2

4

X->a
(x)
i FGH Y Iie 0%
X—) &
P Il'm _F’(f\) 0 ({k(’, —_—
X cn ‘f(x) oo

ocu\d So oNn ...



We can  handle these  cases usinp the
mechod codled L 'Hospital s Rule,

LlHosPhM ‘s Rule
5.4?‘;05@ F aad f ace  difFerentiable and
j ‘(x) 1:0 on Qaa o'oe n /'/H-Crv&{_ I— that contuin

I Sumoow_ Yhar
o

ll'M F(K);O oq,/vi II'M y(x):o
X-)a X2 7z

O/
i Flx) =00 and |ém Jo(y):lm ,
o Xx—Q

/Vamb wt ha e in dtttrminare Form) hke _g_ o~ 22
o0

Thea  lim €80y  Fx)
x20, p(x) x=da (/)

g (<)

E the  (imit  on  the r..'}/w €x/sts (Or 5 ioﬂ).




£ Kam
e

X221  x-1

We  have Ity lnx <O aad N x-1=0,
¥ 21 x4

MSI'/f ( (/’/05 fl'fa, / , Opzt-f

(1ax)'

\‘(M lf\x = )l'/\/\

x721 x-1 %1 (x-4)"

4

;\:/V) X — ’\ ;
Xx—21 1
@)l
‘tm e
X79°
We hawe If'm e ¥. oo ana’ /tr/" X t: o0
X297 X2
Using L' Hospieel , ne pet
I . X
’lﬁ') _Ei - l(M __Cl—. - l.rM c — - 00
Y902 X—00 2x / X 2
2

apply
L "Hospi el aparr



lim %g«'tz(? ; [ '(’fv'{-;(?, So ne
{51 t—>1
ha/ﬂ ,rn&(—(,rm'rna*'ﬁ Fn)/m DF —(2- .

o

l/{Sfy L'Hos F:rf&’{ ; we f/ﬁf

p *
/IM ('g"f - lim 84 - lim & P g .
51 5.4 21 Ge¢¢ 15 S

KLM/f‘c IF wé ha < n o/ eFlrminar. /:)rm 3
ll]c?_ Q-2° o 09 -29 , W can ¥irst

o0

'(-rj 4 M&LL them /17¢e_ _g_ (oo ¢ ehea
“Pﬂlj L'Has/;/'m/'} Rule,

Burgos f 0 (7).

Sine.  lim ¢ - o0 and  [im s (’g/ =0,

X o0 X—20°



we hae ndettemiaak Form ofF 00 O

Howcﬂf', wl Can c/o Mmore .

{r/l’) SiN 1 = /’r/” 5/a [')4)
’ i /x) x220 7.

X 0o 1
/ X
&

/V,)vv ne have nde xrmina e Form ofF L2 .
! r
We can  wse . /‘{aslon‘of{

N
I x,s.’n/%’(l): ’:’/boo sin [-‘,777) nowe. +het
X 2 A= _’f__ _.71- - ﬂx""(
X x

= Ifm Cos/‘g) /‘%) s - x"2,

0
¥-2 __1-

*+

X

= I'm WCD’(}?):’W,/\Q;y cc;[%):ﬂ
'\’\"\/—_:1/



0 /1/(74‘(’_ ¢het we_ achieved
/

/I'/V) X 51,/1/%/:/.
X299

5(7 nl 0150 GLOA;CVQC/ a@ hm’ZOAfzf{
asjm/{—p-/c For Flx)= & sin (}(l’) whih 1 7__,’-

El(am h Ca. lou [ak_ ‘'m e > _ X .
XN

We have (ndesermire  Form of 00 —20

/’/owﬁ ver, Wl con do mort.

/lrM e¥-x= Ilim X(_e_: -'1) ,

XN X299

x-?9° Lleerh’,’

e

b x
[ ‘m e - {1 = &o° since Iim € __-Iim € -0
x—=30° x X090 x x=209 1

50 Uim e'-xz lim x(f’:—df‘”'“’: ,
X



QRAPH SKETCH  EXAMPLES.
Re sl the 3.,u'cle. line :
(9 Fiad  the  domain
(‘9 Eind ¢ -/ ftepts  ond y- intreeors
@ Find  the asymp tores

Find l'/licrnt(:: of /nutase /JU—"CGJC

(g Find  (oead — extremums
(9 /’/AC! C.Mco-Vl'Ij I'/H-(fnf{s ond Po,'n-f, DF Jn Flec thion.

(%) Funish sketching
E)(am le 5lf-c€o/l the curvt - X _
/ :j x-1

(9 T"L (!oMafn ' ’K \S 15 51'/10(_ .,x-q hS
X -
not defined atr 1.

@ZF 1::(7,(‘\40 31—0 50 the  curre passes
-Q"\fouf‘l the_ P2 0 (2,0)

(37 Faf ve f‘h'ca'( a)] /K/;-fo-fc

/:'/n _):(/1‘:90 1 x=z 1 1) V’A:
=21 *°

/ chcck



Faf har?wnm( a.sym/(.;.‘c ; check

M'm X = I'm 1_ -
Y= x-1 ) X7 1
¢

LH. -zlpﬁpl

6' ] (lf —)L— = - f Hle
'”’7‘“{] x:;——’ﬁ o C 1 , So J= 1 15 a

? Luotitat rnle

@ Check Flx)(x-1) - x .

(;(-4)1' (x—'l)1'

O/\(j c/,'e:’c.y( Number ;’J '1( 6u+ ;'t" g not

) f/\z c/am:.u'ﬂ. gv'-l’ observe_ ¢ hat

F((x)='1 <O forﬂ&
(-0

50 F :’5 C(Ccreusf:uf ewryvv/\uc,

@ .5('/1(1- 'f’AU‘L l') no cr/'r:’(,&( /\umée(‘_s o 60»«-/‘(!0?
¢
pm‘Ms , do/l% ned 4o c/\Co/C locyf men. /Mu.x,



@ f”(x/; _Z/" ’ Af‘u’n x=1 ¥ cr,'f/’w/.

(x-1)3

it evoA ¢ (x) / F
X (1 - colco vt dt)”/l
1 <)( + ncae e MP
|

T/\l’C ' Nno /,;/'/M‘—

sincl. S o4 [/a

A

N

a/ . /Ih/’/CCf/r.?’l
the Jomaln.

ot .xr/,

b



W SLe,kJ\ the curve 3:X[X'Q)3,
@ OoMafﬂ s I,

@ IF 150/3;0 .
IF 5;0 , xzQ or 4 . So  ¢the curve s
passing {'Afath (0,00  aad (6,0).

@ /1{7 VC/('/’(,.J( a.sjmptoK_ since the curre i
c!(,/:'/u’,d evcfyw/fud,

11’/'7 X (K’(i)g = 0° QAJ II,/’7 X/Y’Q)Z:Oo
X9 X=)~00

60 no  horizon tsf @sy mptott .
() Pldz bt +3x0e-) 20" (- 130)

= (x-()" (bx-4)
Cr{'e:’cy{ NAum becs o€ 4 / 1 P

fnaeevel (x-6)" \  Lw-b F (=) y-

X< A + - - o’ccrfas,'/_)f
1< x <4 + 4 + inCreastng
& <X t + \ £ inergasing




50 M. curvt (3 f/lchasz'nJo on (’I,V°)
decreasing o4 (=20, 1),

@ dy //"(,\/fow5 .‘puﬂ*/ a"fe/t & /Dca'{ min.
at x=1. The volue 1y
FUA) - 1 (1-4)° =(-2)*

©) Fle) = Bt + 3Lt 4 b (e,
= 3le-6) (x4 Ax-G %)
= 3(x=4) ( 4x ~§)

FU) 2O For x=( or 2,

ke | 3 (x-0) b2 | F) | F
X <L — - Tt concere u)2
1{ x4 —_ + - concoye down
4()6 + f -+ + toncare v

A xe 2,4 (thece e points oF iaFlece ons.
The velues ot ore

F(L)= 2(2-6)° = - 16

Fle)= 2L}z



@ st'l}f‘{ Wl‘fh SFCUrfy:'/y che f/n/af(urw pp,’ﬂ(‘.s/
thin  conntt  (kem a,sz?qf (9 and @ st ps.

L

‘LOOL
faflectivs

4% nes

Corg Ful ln \/l,




OE'(‘('m? 20¢5 p/‘o 6/CM$

ﬁnc,j::'f ex{reme /0(“4-5 }74"\'— ,oro.(.h'cw/ af'o//'Caa'ons
‘

A monj arcas., Minim :'z,’:-f TAC s f , ma k/'mfz.':']a

A Praf,'f

/ "’/’AC//:/'f ¢he J/-.?/H.H‘ pa.f' /l/ /Hlfnfmibly

¢he  transporeation  Eme max/M;’L,’nJa che sped,
eftc., We naent o ac AICV( MLSC p

E)(‘ J:'ftn 'ofbbkﬂ‘l/ we 7/ For/nw/u-fc /?- u.s/jo
f“,u,(—,'o/)s and oph'MI'wf—bn will be j/'VCfL ‘j

exXtremC V.{{u_(,.( ‘)% the f(unc-h’.)ﬂ,

’35/:# e Vad /Lf/'.)/t/':;f che e (ow‘c d h)o/( /Cf' S

aaa{jbc an Cxumfle.

Ep A barmir  has L4oo F¢* HF f{nu‘nf aad
wants +o  Flawe ofF a ncohmjulaf Aeld  thae
borders o s¢ raippt  Cver, He  peds o Feae
alanf the riwe What ar  the dimiasions of
che Fleld  ehut  has the /erfc;l gt 7

.



% Lets C)cpl'cf rhe  situaceion,

1002

W,T —”!'—}00

72100
100 100

—
[/wt e c/,{//ehen.-f ,,ﬂh'.;/u /‘u.f nwC none

€o achfee poss’ble  lacpest arcca. S0 c(le
ftam/( cose 3
9
X A X

where thg-,'z,(,.oe

A:x«.o .

50 we awad to  moxim/ze /7‘ 0{5/'./1/ the
constlalnt 2”j cloul , ne can do 3—,2-400~2K,

and  wiitkc
A:X('L‘:OO’ZK): L¢o0o x =2 x ™. @

A/DM,I AL mJ““ ?AL p/pp b_m £0 A’Ad ”mMmo-X l’l“ “um

of & -



/VOW{} [ AL won ¢ o pmarimize (AL /Mu‘fo4

A/K): Loox -]yl ,

A/Jh'_ +h ot the. c(onstraint ZX'ry z LG o0 Says
anothee fkfﬂf, X and g can be. ot [cost onc.
TE & Mertases phAen Y Jecrcases , and viie
verse., S0 /f y=0 , thea x= 1100, ThS  means

X con be aq+ mos f 1100, S0 (the domein

of A) 4 [D,1007 .

L?fg afF(j (A{ ftﬂacfd/{ /M(A—DJ:'
’Flrf.ﬂ- P Flrﬂd the (_rfn',,o'{ n,.,.46-u-5
Alx) Lo ~fx =0
2600~ Ly
600 =¥
~Evduate Az O
Aldoo) = O
Algod) = F10, 000 mronximmm -

59 Xz 600 and thea y= 1¢o00 - le~ 1100 |



b0 b desired  dimension O

1100 Fe

/[O\DL—\/\J s -
\_\/

TA/‘J vab&" N sal/ed “’[sz o Fuacelon on

bownd ed c’om.m'/l ”[(7, {1003 ™ , 3o e check

I

¢ he abSolu-\‘—c Meayi Mum, /3.41’ nt M“’J havt
CI/FFCMA\‘- situation.

thase 'om'/m ond (_//f//,s( numnbers

E% A (,y /,’/1 c/r'/'zlr( Can s to be made
hold 1000 cm® o F o/ l. Find  the dimens ons

that Wil minimire  the  cos+ oF the

,M«f@/{ o manu I(q,aharc (/;“( Can

e

Soluti Toeod  accas i
/ h>p

6-)(#01‘7



5() the ool Grea. (3

T + firt « 2Tr(h) = 2T¢™ + 2T rh @

s !

tof Vottom 5des

Whae we are J).’rcn; che Vo/whg 13 1000 car®
$o
Ve Tt h - tooo

We  cun say h = 100
Trt.

So F we prt chs  lae @ the cwrea

we Wwaat ¢ minimie 13

Alr) - 2LTIrt ¢ z_nr(wz__f? )
Tr*

g

/]/JW [ Can be anjrh:’?jo frraf(r than O.

50 haw we Fiad absslac  miaimem oSf /}‘(r)?



A—fﬂ-"ﬂ 1914 Cfl‘ﬁ'Lj numbers ,

A!(f) = lHYr - W00 - LT3 —1000
v -

TF A'(r]:Ol thea G/ - Looo =0
4,]],3= Lovo

ﬂf?’:_ So00

r‘:i/_S,D_‘Z..
_n— 4

‘e A'r) \ Alr)
._/',—,5 - .
o<r f2 - de ¢ reasinp
5 %7 (o -t l(/lcf-&».’nf
r J

3 ] ,

since thee s o othe ~ c,hu?fx/ ac
Can  toke &+ as an abgsolur M inimdm,
-/
h {fovo -~1ovo -7,(3’09 Soo —/Zs/:’L 5_"3-%;21-,
S /L T [gea )W T /7 g
T-v T (fc;ra) L)



50 (I\L c{&j/‘ﬁa! cl/mm:’pn {0 minimize //JL/ucr:'oa
cost S

3
= _z;;/o_ cm and  h= 2.

Ekay& Find  fhe poiaft on the Caurve

311, (Y thoet [ c losest to ke /.m,'nr

So(w""’n
/f""“', e med ke

We  haw  bwe  points (14) aad (xy)

6»”' f/\: [o,PKr A on ¢ e carve.

/(567)
7-4
—~_ _ _ _ _ _A

(1¢) k-1

jr) the dittaac d=C -1t ¢ (jf(,)L

However va knon j":l,x . naM(j/ VZ_ A

50 W, coenl Wﬂ’*( 7
C]_:\F(Zl_f_/‘)‘l_*(y_(r)‘l. .
1

c//:{ tanct ﬁfnc on -
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\{"“ cen we dhAB Funce!sn O///c’cf/y/ bu t
[ ¢ ) 3 J Je p . 3 / s
MlﬂIMILI/:/ [+ nee.ds r1Vet, INVoO V/,:lf

H 4
dlf‘Van'y(, ol[ Sfu.o«f roo-(.LefJ not botrbwr

W’rfh ;+ aﬂC’ “Se »" ze
y e o
7 I fM thi e Puatton

LGN 1)+ (y40"

BC Louy Ml'ﬂ /Iﬂ /’2 /'r:)O c/ l3 4 /‘L Swonl_ <

M:’/)/'M/('L /'i}) (,f 1'.
F73>:2(1‘;-4)j + Tly-6)
[
3’5"2/13 "flj-’g: 33—8

-
-

IF ‘33/6’:0/{//\/./1 f:%’ (5° Y=L,

—/3(77_ — de.cr-cazfy>
j 1 -t //lcl'coh;lf

6(7 7 %3 n (l(- /I’C/:'Dw_) QA—U.,MV[(, we s‘,_j af j:Z/

we. hae oabssluwe m fniMupm.



60 /(f J;l/ chen u)fn/ the  Curve Y *_ 2,(/
we 0964' x=1. So ¢ he closest ,yo/'/u on the
Curve 40 Ml[t'> ! (2,2—) )

@V oM pany selbs X ualts o/ﬁ a
pr.:c!uc(— at a Frwe, P; ’2_00"?-)( dollars .
The cost of prDC’u (.lcl)o X  wAfts s

C(X):40?< 1—300. ~/ad the Tuanf/'-/j x thot

Meximives the 'orofff.

Sa)(u} Wha_f 3 !’/\( F/a;/’} ?
T+ o

S

K,(:/mwt_ - (051‘«
Whae i3 the rtvenue ?
Te prite X numbe of  product sold .

50 ‘prflr'f Funuf\m P(x) "y f.’./zn 6:5

Plx) = (200-1x) x  —(40x +305)
F()t) = Loox -2lxv - 40){ 3o

,7( v ) = -LxL ¢ 160x ~3Doj V‘/C WANE €O

Fts maylnum
v Uue -




P‘(X): ’4—X +Wo , IF P’()():O/ vhen  x= GO,

- Px) Plx)
S
x <42 + N crtases
4o (X - de creases.

5\7 at x:(,l), there 0 an  abs. max.
TO ﬁ(.{- morxim um praF7f , vhe CO/“PMJ shas ld
sell 4O produ ces:

Exerc /4 re ceanpu lo P{cca of cardboord
with dimtngion 17 ¢m 63 1O em S to be
made [Ato an  opea-top  box by ca ctinp
$£\ua-rc.s of eguo{ sire From each corntr
and FHo (J,’/‘nf “p rhe st des. Fird +he  sihre
of  the spusce  that showld bt cut to

Maximizt ehe  volume of ¢he box.
Ll?c’v'

// ¢ 7 Find vhe volunt o F
X x 4he box e obtaln
’\L and Find  les  merfmuns

tm

X x
f“ *\-f/é v lue o Fiad X




Aatldectvaetves

SU‘OPODC 30“ o\l/‘e Oé‘:j hae o chan‘f e .>F
vYote (nFo about some  en h’fj eV and Yoo
vou Raon the /-&/au'f:y . butr nane ko kn.arw
pajl'h'pﬂ . Yau ,(n.wv Yhe_ c/mrjg D) / ra€c F;)r-
a Fa{wlu,'an/ b - non - +v hkaow the pope lation,

/

In 5ummafj/ Y o hare a (un CHon F(x/
and wan4 F{K) M/h/t F‘(X):.F(X).

OW /4 FMIICf/'on F 3 c&d&c/ an
tdecfrative oF € on inteved T

anti an

VF Fi(x) - Flx) For o’« « /a I.

-

f%‘ F(X): _P_L_E B antidecivasie of Flx): =
Z

since F'lxl= x= F(x),
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