Linear Algebra & Differential Equations

Elif Uskuplu

If you see any mistake, please email me (euskuplu@usc.edu).

14 Week 14 & 15

More ODE Examples

1. Solve IVP

xy — 2y =atsinz, y (g) =0

Answer: First, write it as

2
y — =y =23sinz.
x

Integrating factor /(x) is
I(z) = of —3dv _ 2z _ na™? _ -2
Multiplying through by 272, we get
2y 2y) = a7 sin )

Hence,
(yz~?) = xrsinx

Integrating both sides with respect to z, we get

yr 2 = /xsinxdm+0

Using integration by parts,

/udv:uv—/vdu,

let w = z and dv = sin z dz, then du = dz and v = — cos z, we have

/xsin:cdx: —a;cosx—l—/coswd:c: —zxcosx +sinx + C



So the general solution is

y = —a°cosz + x’sinx + Ca?

Using the initial condition y (Z) = 0:

- 2 2
0=y (5)=0+"+07,
Y\2 T
we find that C' = —1.
Thus the solution of the IVP is
y = —a’cosx + a?sinx — 2°
. Find the general solution to
'y 2
YT VT e

Answer: ,

I(z) —el FEE v g g2
where we let u = 22 — 1 and du = 2z dx.

Multiplying the differential equation by the integrating factor, we get

2 —1

(932—1)?/+x22fly: (* = 1) ( - >

This simplifies to
(y(z* — 1)) = .
Integrating both sides, we find

2
y(xQ—l):/xdx+C:%+C’,

Hence, the general solution is

B z? n C
y_2(x2—1) 2 -1

. Find the general solution to

Y+ Y
zlnzx

=z forxz>1.

Answer:
1
I(z) = el smzd = v — gy = Ing,

2



where we let u = Inz and thus du = 1dx.

Multiplying the differential equation by In z, we get

Y
rlnzx

lna:<y’+ ) =zlnz.

Therefore,
(ylnz) =zInz.

Integrating both sides, we get

ylnz = /:L'lnxdx+0.

Using integration by parts, where v = Inz and dv = z dz, then du = % and v = %,

we find 2| 2 g 2| )
r-1moax e X r-mx X

Inzda = T - BRG]

/xnxw 2 /2 93 2 ;e

Finally, the general solution is

_x2 x? n C
y= 2 4lnz Inz

. Determine the general solution to
y" + 2y + by = 3sin 2z,

namely,
(D* + 2D + 5)y = 3sin 2z.

Step 1: Solve the homogeneous equation
(D* +2D + 5)y = 0.

The roots are

-2+ v4-20
2

=—1+2.

The general solution is
Chre * cos2x + Cye” ¥ sin 2x.

Step 2: The annihilator of 3sin 2z is (D? + 4). The new ODE is
(D*+4)(D*+2D + 5)y = 0.
So the general solution is

Cie cos2x + Cyre™*sin 2z + Agcos 2z + A sin 2.
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We have
(D? +2D + 5)(Ag cos 2z + A, sin 22) = 3sin 2z

which gives
(Ao +4A;) cos2z + (A —4Ap)sin 2z = 3sin 2z

Solving the system

A() + 4141 =0

Al - 4140 == 3,
we find 5 19
A= — = ——.
e 0 17

So the solution is

12 3
Cie P cos2x + Che ¥ sin 2z — T cos 2z + 7 sin 2.

14.1 First-Order Systems

Consider the system of linear differential equations:

!
Ty = 01171 + - +CL1nIn +b1

/
Ty = —Q2171 + = AonLn + b2

/
T, = Ap1T1 + -+ Ay, + by,

where z1,...,2,;a,;b; are all functions with variable ¢ on an interval /. This is called
a first-order system If b)s are all 0, then the system is homogeneous. Otherwise, it is
nonhomogeneous.

Remarks. Highest derivative is the first derivative. Right sides of equations do not
involve any derivative.

Example. Find the general solution to the system

/
T, = 211 + 9,

xhy = 211 + 3u,.
The system can be written as

¥y —2r — 29 =0= (D —2)x; — 29 = 0,
rh— 211 — 319 =0 = =221 + (D — 3)x5 = 0.

Reducing the matrix via A;3(D — 3)



we have
(0—op 52 o)

The last row means

(D* — 5D +4)zy = (D — 4)(D — 1)z, = 0.

So the general solution is
Ty = 0164‘70 + 0263:.

Since xy = x| — 221, we get
To = 401€4x + Cgex — 20164x — 2026x7

resulting in
To = 2016433 — 026236.

If we also have initial values, like z;(0) = 0 and x5(0) = 3, we get a system of equa-
tions:
Ci+Cy =0,

207 — Cy = 3.
Solving this, we find C; = 1 and (s = —1, and the particular solution is
r = el — e®,
Ty = 26 + .
Remark. If we have a system involving higher derivatives, we can still rewrite it as a
tirst-order system.

1.
2" — ty = cost,
y' — a2 +a=c.
Let x; =z, 0 =y, 3 = . Then we get

xy = 0xy + txo + 0x3 + cost = txq + cost,

xy = 01 + 0xy + 23 + 0 = 13,

vy =txy +cost — x1 + 0wz + ¢’ = —xy + tzg + (¢ + cost).
2.

2’ — 3y +x =sint,
y// —tr = th — t2‘



Let 2y =z, 0 = 2/, v3 = y, x4 = . Then we get
/
Xy = Tg,
rhy = 314 — x1 +8int,
/
Ty = Ty,

Tl = twy + ey + 12

Example. Solve the given nonhomogeneous system

Ill =21+ X9+ 5€4t,
Ty = 221 + 1o
This leads to
(D — 1)x; — 21y = 5e*,
Apply Ai2(Z71) and get
D —1)? D -1
( ) o 2 Ty = ( )564t
2 2

namely,
(D 4+ 1)(D — 3)x; = 15e*.

The solution for z; is then
xr1 = C’legt + Cget + 3€4t,

and for x5,
Ty = 1 — 21 — 5e* = 301e* — Oye! 4 12e™.

Hence,
Ty = C’legt — Cget + 2€4t.

14.2 Vector Formulation of First-Order System

Consider the system

xy = ap () + - - + arn(t)x, + b1 (1),

T = ap (x4 - -+ ()T + by (2).

Letxz(t)=| : |, 2'(t)= : | , and define A(t) = [a;(t)], b(?)



The system can be written as
x'(t) = A(t)x(t) + b(1).

Let V,,(I) be the set of all column n-vector functions defined on an interval I. V,,(I) is
indeed a vector space, but not finite dimensional. Now, to determine the independence

of vector functions, we’ll generalize the Wronskian definition. If x,(¢),...,z,(t) € V(I),
then the Wronskian of x4, ..., x, is defined as
W(z1,...,@,)(t) =det [1(t) - - xa(t)].
Again, if W(xy,...,x,)(a) # 0 at some a € I, we have {x1,...,x,} is linearly inde-
pendent.

Example. 1. Let z;(t) = (Zi:g)) > and x,(t) = (E;)Itlig) be vector functions. They are

independent on (0, 7) because

W (xy,x2)(t) = det [Z?jéi)) E;):li?)] = sin(t) — cos(t),

which is not zero if t = 3

2. The vector functions

1 1 1
()=t |, z@)=[(t?], =z3(t)= |t
12 4 t°

are independent on (—oo, 00).

The Wronskian of x1, x5, x3 is

1 1 1
Wz, xo,x3)(t) =det |t 12 3] = —5 +2t° — ¢4,
2t

At t = 2, this gives us
det = —64 + 64 — 16 = —16 £ 0.

3. Consider another vector function

sin? ¢t 2cos? t 2
xi1(t) = | cos?t |, x(t)=|2sin®t |, x3(t)= |2
2 1 )

They are dependent on (—o0, c0) because

2sin®t + 2cos?t 2
221 () + xo(t) = [ 2cos?t + 2sin’t | = | 2 | = z3(¢).
4+1 )

Remark. We have two obvious linear transformations:



1. T : V(1) = V(1)
T(x(t)) = A(t)x(t)

where A(t) is an n x n matrix function.

2. D:V,(I) = V(1)

So we can express

as
(D — A)x(t) = b(?)

where D is the first derivative, A is an n x n matrix function. When b(¢) = 0, the solutions
x(t) will be in Ker(D — A). In any case, we have b(t) € Ran(D — A).

Our new initial value problem will be like

X/(t) = A(t)x(t) + b(?)

X(tg) = Xp-

Solve IVP {

When A and b are continuous functions, we always have a solution (Picard’s Theorem
again).

Remark. Just as the solution set to a single ODE, the set of solutions to

is a subspace of V,,(I) and it has dimension n.
Therefore, if {x;,Xa2,...,X,} is any set of n linearly independent solutions to x'(t) =
A(t)x(t), then general solutions to it can be written as

c1Xy + ...+ Xy

where ¢, ...,c, € R.

Remark. Using the generalized Wronskian, we can have a test for dependency in the
case of solutions to x’ = Ax.

Theorem 14.1. If {xy,...,X,} is a set of solutions to x' = Ax, then ...
DIfW(x1,...,%,)(t) # 0 for somet € I, then the set is independent.
2) IfW(x1,...,%,)(t) = 0 for some t € I, then the set is dependent.

Example. Let

X (t) = [tsint}  x(l) = [—tcost] |

cost sint



1/t t

these are two solutions to x'(t) = A(t)x(t) where A = [‘Ut 0

} . Indeed,

At (1) = [_11/% (t)} [tsmt] ’smt+tcost} — X0

cost —sint
1/t t| |—tcost [— cost + tsint
At)x2(t) = {—1//15 0] [ sin ¢ } - cost } = %,(t)

Also, x; and x, are independent. Indeed,

tsint —tsint|
cost sint

= t(sin®t + cos’ t) =t

W (xy,X2)(t) = det {

fort # 0, det # 0.

Remark. Just as we solve non-homogeneous ODEs, when we have non-homogeneous
tirst-order systems, the general solutions to

x'(t) = A(t)x(t) + b(t)

is of the form
X(t) = e1xq(t) 4+ - - + X (t) + x,(2)

where x4, . .., x, are independent solutions to x'(t) = A(t)x(t) and x, is a particular solu-
tion for b(t).

14.3 First-Order Systems with Nondefective Coefficient Matrices

Recall the simple constant coefficient homogeneous ODE

(D — X))y =0.
1(t)
We know y = ce*. Instead of single y, consider x = | : | vector function. Thus
()
(D—-X)x=0
means

(D — Az, 0

(D — M)z, 0

Using the same approach for each row, we get



where v is the constant vector. It means the vectors are of the form e*v where v is a
constant vector and is a solution for (D — AI)x = 0, namely x’ = Ax.

A natural question arises: What if A is an eigenvalue of A and v is the corresponding
eigenvector?

Indeed, if the first-order system
x = Ax

and ), v as before, then e*v is still a solution:

AeMv = M(AvV) = eMAv = AeMv = (eMv).

So we have the following result:

Theorem 14.2. Let A be an n x n matrix of real constants, and let X be an eigenvalue of A with
corresponding eigenvector v, then e’'v is a solution to x' = Ax on any interval.

Example. Find a solution to

O O =N
N = N =
w = O O
= w o O

where the characteristic polynomial of A is

pA) =A=1)A+2)(A=3)(A—4).

1100
. . . 1100 .
Solution: A = 1 is an eigenvalue of A, and 010 3lV=Y has a solution v =
0230
—y -3 —36
2y . For example, 9 is an eigenvector. So x = _2 +| is a solution.
by -1

Remark: If A has no n independent eigenvectors, namely, A is defective, then there
are not enough eigenvectors to get n independent solutions. For nondefective we have all
solutions!

Theorem 14.3. Let A be an n x n nondefective matrix with independent eigenvectors vy,..., v,
corresponding to Ay, . .., A, (not necessarily distinct). Then the set of vector functions {xy,...,x,}
where

x;=eVlv;,, i=1,...,n

are linearly independent solutions to x' = Ax. So any solution is given by c1x1 + ... + ¢, Xp.
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Proof. We already know x;’s are solutions. It's enough to check independency.

W(x1,...,%,)(t) = det [eAltvl eMltyy - e’\"tvn]
= eMldet [vl ePa=A)ty, ... e(’\"_Al)tvn}
= WAttt ot [vi - V] #0
since vy, . .., v, is independent and e** # () always. O
2.0 0
Example. Solve x’ = |0 5 —7| x, where the characteristic polynomial of A is
0 2 —4

For A\ = 2: -~ _ o
00 O x
0 3 —7|v=0 = v= |0},
0 2 —6] 0]
For \y = —2: ) _ _
4 0 0 0
07 -7lv=0 = v= ,
_O 2 —2_ Y]
For A3 = 3: _
-1 0 0 0
0 2 —7lv=0—= v= |7z
0o 2 -7 |22
The solution is of the form
1 0 [0
1€ 0] + e |1 4+ e3¢ |7
0 1 2

Note that A may have complex eigenvalues and complex eigenvectors. Suppose A =
a + 1b is a complex eigenvalue and v = r + is is a complex eigenvector, where r and s are

real vectors. Then, still x = e*v is a solution.
We can expand e*v to get real-valued vectors:

eletilty = e (cos(bt) 4 isin(bt))(r + is)
= e(cos(bt)r — sin(bt)s) + ie™(cos(bt)s + sin(bt)r)

= Xj +1Xg
We have x; + ix, is a solution. Since the conjugate of v is also an eigenvector (for
a — ib), we get x; — Xy is also a solution. Therefore, by similar computation,

(x1 + 1X2) + (x1 — iX2)
2 -

11



and . .
(x1 + iX2) — (x1 — 1X2)

2
are real solutions. We can summarize the relationship between eigenvectors of A and the
solutions to x’ = Ax as follows:

:X2

1. If X is a real eigenvalue of A and vy, ..., v, are corresponding independent eigen-
vectors, we have for j =1,....k

x;(t) = eMv;
are all independent solutions to x’' = Ax.

2. If X = a +ib is a complex eigenvalue of A and vy, ..., v, are corresponding eigen-
vectors where v; = r; + is;, then

e™(cos(bt)ry — sin(bt)s;), e™(cos(bt)s; + sin(bt)ry),

e™(cos(bt)ry — sin(bt)sy), e™(cos(bt)sy + sin(bt)ry,)

are all independent solutions to x’ = Ax,

Example.
3 0 -1
x'=Ax where A= [0 -3 -1
0 2 -1

The characteristic polynomial of A is
p(N) = (=X +3)(A* + 4\ +5).
Solution: The eigenvalues are

)\1:3, )\2:—2+Z, )\3:—2—Z

For A\ = 3:
0 0 -1 T
0 6 —-1{v=0 = v=]|0
0 2 -4 0
For \y = -2+ :
5—1 0 —1 52—?;: %z %z
0 —-1—-i —1|v=0 = v=|=z=|-1z|+il3z
0 2 1+2 z z 0
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The solutions to x’ = Ax are of the form

1 5 1 1 5
x =13 |0 + coe7? | cost | —13| —sint |13 +cge | cost |13] +sint | —13 )
0 26 0 0 26

Example. Consider the matrix

0 —4
=05
We are interested in finding the eigenvalues and eigenvectors of A and the general solu-
tion to the differential equation x’ = Ax.

The characteristic polynomial of A is:

-\ —4

det(AI — A) = det { PR

]—)\2+16

Solving for A, we find the eigenvalues to be A = +4:.

For A\ = 4i, the corresponding eigenvector v is found by solving (A — 4il)v = 0:

K= I B

The general solution to the differential equation is then:

x(t) = o1 (cos(4t) m _ sin(4t) H) +e (003(475) H + sin(4t) m) |

Example. Consider the matrix

-1 0 O
A=|1 5 —-1].
1 6 =2

To find the eigenvalues of A, we calculate the characteristic polynomial:

—-1-X 0 0
det(A — AI) = det 1 5—A -1
1 6 —2-A

( = MI[G=A(=2=4) +6]
—(1+X)*(A—4).

This gives us the eigenvalues \; = —1 (with multiplicity 2) and A, = 4.

13



For A\ = —1, the corresponding eigenvectors are:

00 O —6y + 2 —6y z
16 -1{v=0=v= Y =1y | +10
1 6 -1 z 0 z
For A\, = 4,it gives us
-5 0 0 0
1 1 -1|v=0=v=|y
1 6 —6 Y

The solutions to x’ = Ax are of the form

—6 1 0
Xx=ce | 1] +ce |0+ 03€4t 1
0 1 1

14
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